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MODULATED SEMI-INVARIANTS 


KIYOSHIIGUSA, KENT ORR, GORDANA TODOROV, AND JERZY WEYMAN 

Abstract. We prove the basic properties of determinantal semi-invariants for presen¬ 
tation spaces over any finite dimensional hereditary algebra over any field. The results 
include the virtual generic decomposition theorem, stability theorem and the c-vector 
theorem, the last says that the c-vectors of a cluster tilting object are, up to sign, the 
determinantal weights of the determinantal semi-invariants defined on the cluster tilting 
objects. Applications of these theorems are given in several concurrently written papers. 


Introduction 

There is a rich theory of semi-invariants for representations of quivers |S91] . |Kij . |DW] . 
|SW] . [SVdB] and its relation to cluster categories and cluster algebras |IOTW09] . [Ch] , 
[BHITj . In this paper, we show how this theory and its relation to cluster algebras can be 
extended to finite dimensional hereditary algebras over a field, which in particular include 
all modulated acyclic quivers over any field. Furthermore, we prove the relationship between 
c-vectors and semi-invariants. 

Over a fixed field K, a K-modulated quiver is a triple {Q, {FijjgQp, where 

Q is a quiver (directed graph) without oriented cycles, F) is a finite dimensional division 
algebra for each vertex i G Qq and Mij is an Fi-Fj bimodule for every arrow i —>■ j in 
Qi- The standard modulation of a simply laced quiver Q is given by taking each Fi = K 
and each Mij = K. A representation V of a modulated quiver with dimension vector 
a = (ai,--- ,an} consists of Tj-modules U of dimension ctj at each vertex i G Qq and 
Fj-linear maps Vi®Fi Mij —> Vj for each arrow i —>■ j in Qi. 

We study representation and presentation spaces of modulated quivers. When Q is a 
simply laced quiver, the standard definition of the representation space of Q with dimension 
vector a G N” is 

Rep{Q,d)= Homi^(A“%A“0. 

When K is algebraically closed, any finite dimensional hereditary algebra is Morita equiva¬ 
lent to the path algebra KQ of a quiver Q. Choosing an element of Rep{Q, a) is equivalent 
to choosing a AQ-module structure on the AQo-module 0^ K°‘\ 

Over the modulated quiver {Q,{Fi}i^QQ,{Mij}i^j^QQ the representation space for di¬ 
mension vector a G N" is 

Rep{Q, {Fj}jgQp, {Mij}i^j£Qj^, a) = 

Each element of Rep{Q, {Fi}i^Qg,{Mij}i^j^Q^,a) gives the right HILi Ej-module 0”^^ 
the structure of a right module over the tensor algebra of {Q, {Fi}i^Qg, {Mij}i^j^Q-^). In 
each case, the representation space is an affine space over K. 
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In this paper we deal with arbitrary finite dimensional hereditary algebras over any field, 
not necessarily tensor algebras of modulated quivers. Notice that, if K is not perfect, there 
may be finite dimensional hereditary algebras over K which are not Morita equivalent to 
the tensor algebras of modulated quivers. (Appendix A, Sec[ 5 l) 

For an arbitrary finite dimension hereditary algebra A we define (in 12 . 1 . 31 ) the repre¬ 
sentation space Rep{A,a) to be a certain subspace of the space ILom\{rad P{a), P{a)), 
where P{a) denotes This is isomorphic to Rep{Q, {Fi}i£QQ, {Mij}i^j^Q-^) in the 

modulated case. We identify each element / € Rep{A, a) with the A-module which is the 
cokernel of the homomorphism / : radP{a) —?• P{a). 

We consider Rep{A, a) as an affine space over K. At the beginning we assume that K 
is infinite so that nonempty open subsets of this space are dense. (We extend to arbitrary 
fields later, in Section [ 3 . 61 ) The first theorem of this paper is Theorem 12 . 1.61 If there exists 
a A-module M which is rigid meaning ExtJ^(M, M) = 0 with dim M = a, then the elements 
of Rep{A, a) which are isomorphic to M form an open dense subset. We call this the generic 
representation of dimension a and denote it by Mq,. If Mq, is indecomposable then a is a 
real Schur root of A. As a consequence we have: 

Theorem 0.0.1 (Generic Decomposition Theorem I2.1.8p . Let A he a finite dimensional 
hereditary algebra over an infinite field, and let fii, - ■ ■ , fik be real Schur roots so that M^. do 
not extend each other. Then for any nonnegative integer linear combination a = Yli=i 
the generic representation in Rep{A,a) is isomorphic to 0 j=i 

Representation spaces are defined for a € N”. Next, we generalize the construction to 
arbitrary integer vectors a G Z” by constructing presentation spaces and considering their 
direct limit which we call virtual representation space. We choose vectors 70, 7 i G N” so 
that dimP(7o) — dimP(7i) = a. We call HomA(P(7i), P(7o)) a presentation space and 
denote it by PresA(7i,7o) and view it as a generalization of Rep{A,a). However, there are 
an infinite number of choices for 70,71 for each a G Z"". To define a single space for each 
a G Z"" which contains all of these presentation spaces, we take their direct limit (colimit): 

Vrep{A,a) := colim Pres\{'yi,'yo) 

where the colimit is over all pairs 70,71 so that dimP(7o) — disiP(7i) = a. Representatives 
of Vrep{A,a) are presentations p : P{'yi) —)• P(7o) which we denote P(7*). The next 
theorem in this paper is: 

Theorem 0.0.2 (Virtual Generic Decomposition Theorem 12 . 3 . lip . Let {/?*} be a partial 
cluster tilting set (Definition \ 2 . 3.l0\} . Let a = ^ where ri G Q. Then r* G Z and 

the general virtual representation in Vrep{A, a) is isomorphic to 0 ^ Pi'llY^ where Picil) 
rigid objects in Vrep{A, fii). In other words, the set of all elements ofVrep{A,a) isomorphic 
to ®,p{iir is open and dense. 

The groups AutA(P(7o))) AutA(P(7i)) act on presentation space PresA(7i, 7o)- A semi¬ 
invariant on PresA(7i)7o) is a polynomial function a : Pres\{'yi,^o) —t AT so that, for 
any igo,gi) S AutA(P(7o)) x AutA(P(7i))''^ and / : P(7i) ^ P(7o) we have cr{gofgi) = 
Xo{go)or{f)xi{ 9 i) where xqj Xi are characters AutA(P(7s)) —t K* for s = 0,1 where by char¬ 
acter we mean a regular (polynomial) function which is a homomorphism of groups. Every 
group homomorphism AutA(P(a)) —t K* factors through the group 0?=! ^atA(P“*) = 
]Xi=iGL{ai, Pi). Since a is defined on the affine space PresA(7i, 70), these characters 
extend to the endomorphism rings of P( 7 o), ^(71) (by g e-)- a{gf)/a{f) for a fixed / G 
PresA(7i)7o) on which ct(/) 0 .) In Appendix B Theorem 16 . 2.11 we show that every 

character Endi7’(P™') —>■ A is a power of the “reduced norm” (and thus a fractional power 
of the determinantal character given by taking the determinant of an P-endomorphism of 
P"* considered as a linear map over K. See Definition I 6 . 1 . 6 p . Therefore, the characters 
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associated to any semi-invariant on the presentation space PresA ( 71 , 70 ) are nonnegative 
integer powers of the reduced norm for each division algebra Fi. This gives a vector weight 
in N"". The weights coming from P(7o) and P(7i) are equal when defined. 

In this paper we do not use the reduced norm weights. We use determinantal (det-) 
weights. The coefficients of the det-weights are in general fractions. They are integers if 
and only if the characters are powers of the determinantal character. We also consider only 
certain semi-invariants: the determinantal semi-invariants ap which have determinantal 
weight jd G N”. These semi-invariants are given on any presentation / : P( 7 i) —P(7o) by 
= det/f HomA(/, M^). These semi-invariants are clearly compatible with stabiliza¬ 
tion and therefore define semi-invariants on Vrep{a) in the case when HomA(/, M^) is an 
isomorphism. We call the set of such a G Z”" the (integral) domain of the semi-invariant of 
det-weight fi and denote it by Di{fi). 

In Section [3] we prove the virtual stability theorem which states that these domains of 
semi-invariants are given by “stability conditions”. 

Theorem 0.0.3 (Virtual Stability Theorem 13.1.11) . Let A he a finite dimensional hereditary 
algebra over a field with n simple modules. Let a G Z"" and f a real Schur root. Then, the 
following are equivalent: 

(1) There exists a morphism of projective modules f: P ^ Q so that dim Q — dim P = a 
and f induces an isomorphism 

r : HomA(Q,M;3) ^ }iomA{P, Mp). 

(2) Stability conditions for a and f hold: {a, fi) = 0 and {a, fi') < 0 for all real Schur 
subroots fi' P fi where {■,■) is the Euler-Ringel form defined in Provosition 1 1. g. Hi 

(3) There is a semi-invariant of det-weight fi on the presentation space HomA(P, Q). 

We prove this first in the case when fi is sincere and K is infinite (subsection [33]) , then 
for any fi (subsection 13.5p , then for any field K (subsection 13.6p . 

In Section HI we prove the c-vector theorem below which states that, up to a precisely 
given sign, the det-weights fii associated to a cluster tilting object are equal to the c-vectors 
associated to the cluster tilting object. 

Theorem 0.0.4 (c-vector Theorem I4.3.ip . Let T = ©(Li be a cluster tilting object for 
A and let fi = dim a: EndA(7i)- 

(1) There exist unique real Schur roots fi, ■ ■ ■ , fin so that dim Tj G D{fij) for i ^ j. 

(2) The c-vectors associated to the cluster tilting object are equal to fii up to sign: Ci = 
±fii. More precisely, Ci = (-/*/(dimT*,/?*))/?*. 

(3) (dimPj, Ci) = — fi for each i = 1,... ,n. 

The c-vector theorem implies the sign coherence of c-vectors since weight vectors always 
lie in Sign coherence of c-vectors has been shown in many cases [DWZ] , [P] and 

in general in [GHKK] . We end with an example of a semi-invariant picture (Figure [T|) 
illustrating some of our theorems and the important properties of the picture used in other 
papers [RHITj . |I()TW4j . [TtT^ . [TTTT] . 

There are also two appendices. Appendix A (Sec[5|) discusses when an hereditary algebra 
is Morita equivalent to the tensor algebra of a modulated quiver and gives an example when 
this is not true. Appendix B (Sec [6|) reviews the basic properties of reduced norm and 
shows that every character Mk{D) —>■ AT is a power of the reduced norm. Thus every semi¬ 
invariant on presentation space has a weight vector w G N”' so that, under automorphisms 
of P( 7 o), P( 7 i), the semi-invariant changes by the product of nf' where n, are the reduced 
norms of the GL{Fi) blocks of the automorphisms. We call w the reduced weight. We 
dehne the reduced norm semi-invariants ap and show that their reduced weights fi are the 
c-vectors associated to a reduced exchange matrix Ba = ZBaZ~^. 
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1. Basic definitions 


In this paper A will be a basic finite dimensional hereditary algebra over any field K. 
Basic means that, as a right module over itself, the summands of A are pairwise noniso¬ 
morphic. Finite dimensional hereditary algebras share many important properties with the 
tensor algebra of their associated modulated quiver. For example they have the same Euler 
matrix, the same real Schur roots, the same semi-invariant domains and the same c-vectors, 
which are the topics we study in this paper. So, we begin with modulated quivers which 
are slightly easier to understand than the general case. Then we extend the definitions of 
presentation spaces and semi-invariants on presentation spaces to general finite dimensional 
hereditary algebras. 

1.1. Modulated quivers. By a modulated quiver {Q,A4) over K we mean a finite quiver 
Q without oriented cycles together with 

(1) a finite dimensional division algebra Fi over K at each vertex i of Q and 

(2) a finite dimensional Fi-Fj bimodule Mjj for every arrow i ^ j in Q. 

The absence of multiple arrows is not a restriction. If we have a quiver with more than one 
arrow i ^ j then these are combined into one arrow with the associated bimodule being 
the direct sum of the bimodules on the original arrows. For example, the quiver 1 ^ 2 is 
equivalent to 1 ^ 2 with bimodule on the arrow. 

Definition 1.1.1. The valuation on Q = {Qo,Qi) given by the modulation At is defined 
to be the sequence of positive integers fi, i £ Qo and dij,dji for i ^ j in Qi given as follows. 

(1) fi = dimi^ Fi for each i £ Qq. 

(2) dij = dimj?. Mij, dji = dim^?. Mij for each i ^ j in Qi. 

Proposition 1.1.2. |DR] For any sequence of positive integers fi,i £ Qq and pairs of 
positive integers {dij, dji) for every arrow i ^ j in Qi there exists a modulation of Q having 
these numbers as valuation if and only if dijfj = fidji for all i,j. 

Proof. Let K be any finite field, K = Fg. For each i let Fi be the field with ql"^ elements. 
For each arrow i j, let Mij be the field with elements. □ 

A (finite dimensional) representation F of a modulated quiver Q is given by 

(1) a finite dimensional F)-vector space V) at each vertex i in Qq and 

(2) an Fj linear map Vi®Fi Mij — Vj for every arrow i ^ j in Qi. 

A (finite dimensional) representation of a modulated quiver is the same as a finite di¬ 
mensional module over the tensor algebra T{Q,M) of (Q,A4) which is defined to be the 
direct sum of all tensor paths: 

T{Q, M) := 0 Mj^j^ (g)Fj^ ■ ■ ■ ^^jr-iF > 

including paths of length zero [Fj), with multiplication given by concatenation of paths. 
Since the quiver Q has no oriented cycles this algebra is a finite dimensional hereditary 
algebra over K. 

Definition 1.1.3. Given a finite dimensional hereditary algebra A over a field K, the 
associated modulated quiver (Q,J\4) is given as follows. Fix an ordering of the simple A- 
modules Si, - ■ ■ ,Sn. Let Pi be the projective cover of Si. 

(1) Let Q be the quiver with Qq = {1, ■ ■ ■ ,n} and arrows f —)• j when ExtjY(5i, Sj) 0. 

(2) Let Fi = EndA(5i) for each i £ Qq. 

(3) For each i —> j in Qi let Mij = ]lomx{Pj,rPi/r‘^Pi). 

There are examples of hereditary algebras which are not equivalent to their associated 
modulated quiver. We discuss these pathologies in Appendix A (Sec[5|). Our results are 
general and hence include these pathological cases as well. 

4 




1.2. Euler matrix. The underlying valued quiver of an hereditary algebra A is the valued 
quiver of its associated modulated quiver. However, it is useful to go directly from A to 
its underlying valued quiver, i.e., fi = dim^ Ej where Fi = EndA(S'i) for each i € Qo, 
dij = dimi?^ }lom.\{Pj, rPi/r'^Pi), dji = dimj?. }lom.\{Pj, rPi/r'^Pi) for each i —)■ j in Qi. 

The dimension vector dim E of V is defined to be the vector whose Tth coordinate is 
dimi?. Vi- We also have the dimension vector over K given by 

dim V = D dim V 

where D is the diagonal matrix with diagonal entries fi = dim^'E*. Let E,L,R be the 
n X n matrices with ij entries 

Eij = dimx HomA(S'j, Sj) — dimx ExtA(Sj, Sj) 

Lij = dimp. HomA(5'j, Sj) - dimj?. Ext\{Si, Sj) 

Rij = dim^i HomA(Sj, Sj) - dimj?. Ext\(Sj, Sj) 

Then Eij = Lijfj = fiRij or, equivalently, 

E = LD = DR. 

We call E the Euler matrix of A, L the left Euler matrix of A and R the right Euler 
matrix of A. The underlying valued quiver of A has vertices 1 < i < n corresponding to 
the simple modules Si and an arrow z —)• j if Eij < 0 with valuations fi on vertex i and 
{dij, dji) = {—Lij, —Rij) for every arrow i ^ j. 


Example 1.2.1. For example, for the valued quiver 


(d2i ,(ii2)=(3,2) 

/2=3* -^ •/i=2 


we have: 


LD 


■ 1 o' 


'2 

o' 

= E = 

' 2 

o' 


'2 
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' 1 

o' 

-3 1 


0 

3 

-6 

3 


0 

3 


-2 

1 


= DR. 


The matrices L, R are always unimodular and det E = det D is always the product of 
the dimensions fi of Ej = EndA(Ej) = EndA(*S'j). 

We also use, in the subsection on c-vectors fsec 14.21) . the exehange matrix B = Lf — R. 
Since DB = DL^ — DR = E^ — E, DB is always skew symmetric. In the example this is: 


B=U-R= 


0 -3 
2 0 


DB = E^ - E = 


0 
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Proposition 1.2.2. Let (•, •) : M” x > M 6e the Euler-Ringel pairing given by {x,y) = 
x^Ey. Then, for any two A-modules M,N we have: 

(dim M, dim N) = dim^ HomA {M, N) — dim^r Ext a {M, N ). 


For example, pairing (Ei, • • • , E„) with (Si, • • • , Sn) gives 

(dimEj,dimSj) = dimi^ HomA(Ej, Sj) = fAj. 

This equation can be written as PE In = D where the z-th row of the matrix P is dim Pj. 
Furthermore PE = D and E = LD imply that P = L~^. 


Proposition 1.2.3. Suppose that EndA(M) is a division algebra. Then (dimM, dim A^) 
and (dim N, dim M) are divisible by fM = dim^: EndA(M). 

Proof, ( dim M, dim N) = dimx HomA(M, N) — dim^: Extj^(M, N) which is divisible by fM 
since HomA(M, A^) and Extj\^(M, A^) are vector spaces over EndA(M). □ 

Notation 1.2.4. For each a € we use the notation P{a) = ©j E“\ For example, 
A = E(l, 1, • • • , 1) if A is basic. 
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With this notation, we have the following. Suppose dini M = (3 and 7 G N”. Then 

n n 

(dim P (7), dim M) = ^ 7* dimj^ HomA(Pj, M) = • 

i=l i=l 

1 . 3 . Exceptional sequences. We review the definition and basic properties of exceptional 
sequences. See |CB93j . |Rin94] for details. 

Definition 1.3.1. Let A be a hnite dimensional hereditary algebra over any field K. Then 
a A-module M is called exceptional if = 0 and EndA(M) is a division alge¬ 

bra. In particular M is indecomposable. A sequence of modules (Xi, • • • ,Xk) is called an 
exceptional sequence if all objects are exceptional and 

HomA(Alj, W) = ExtA(A'j, W) = 0 for all j > i. 

An exceptional sequence is called complete if it is of maximal length. By I1.3.3T 11 below, 
the maximal length is equal to the number of nonisomorphic simple modules. 

The following are standard examples of complete exceptional sequences. 

Proposition 1.3.2. Let A be a finite dimensional hereditary algebra with admissible order 
given by HomA(P)-, Pj) = 0 for all j > i. Then: 

(1) The simple modules (5„,S„_i, • • • ,Si) form an exceptional sequence. 

(2) The projective modules (Pi,P 2 , • • • ,P„) form an exceptional sequence. 

(3) The injective modules ,In) form an exceptional sequence where li is the 

injective envelope of the simple module Si for i = 1, - ■ ■ , n. 

Exceptional sequences have many nice properties. We list here only those properties 
that we use to prove the main theorems in this paper. 

Proposition 1.3.3. Let n be the number of simple A modules. 

(1) Exceptional sequences are complete if and only if they have n objects. 

(2) Every exceptional sequence can be extended to a complete exceptional sequence. 

(3) If (vAi, • • • ,Xn) is an exceptional sequence, i dim WT generates TT as a Z-module. 

(4) Given an exceptional sequence (Xi, • • • , Xn-i) of length n — 1 and any j = 1, ■ ■ ■ ,n, 
there are modules Yj, unique up to isomorphism, so that 

(Xi,--. ,Xj_i,Yj,Xj,--- ,Xn-l) 

is a (complete) exceptional sequence. 

(5) EndA(L^) — EndA(Lj') for all j,j' in (4) above. 

(6) Let {Xi,--- ,Xn) be an exceptional sequence. Then: 

If Xn is non-projective, then (tX„,Xi,-" ,Xn-i) is an exceptional sequence. 

If Xn = Pk is projective, then {Ik,Xi,--- ,Xn-i) is an exceptional sequence. 

Condition (4) implies that there is an action of the braid group on n strands on the set of 
(isomorphism classes of) complete exceptional sequences. For example, the braid generator 
(Tj which moves the z-th strand over the {i + l)-st strand acts by: 

(1.3.1) Ui(Xi,--- ,X„) = (Xi,--- ,Xi_i,X:^„Xi,Xi+2,--- ,^n) 

where, by property (4), is the unique exceptional module which fits in the indicated 

location in the exceptional sequence given the other objects. One of the very important 
theorems about exceptional sequences used in this paper is the following result proved in 
|CB93j in the algebraically closed case and |Rin94] in general. 

Theorem 1.3.4 (Crawley-Boevey, Ringel). The braid group on n strands acts transitively 
on the set of all complete exceptional sequences. 
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In the case when K is algebraically closed, or, more generally when A = KQ is the path 
algebra of a simply laced quiver without oriented cycles, it follows that EndA(Af) = K for 
every exceptional A-module M. In general, the endomorphism rings of the Xi are division 
algebras which remain the same after any braid move by Proposition II.3.31 51 . So, Theorem 
11.3.41 implies the following. 

Corollary 1.3.5. For any exceptional sequence {Xi, ■ ■ ■ ,Xn), there is a permutation vr of 
n so that EndA(Aij) = EndA(*S' 7 r(i)) for all i. 

Another important consequence of this theorem is the following. 

Proposition 1.3.6. Suppose that - ,/3„) is the set of dimension vectors of a com¬ 

plete exceptional sequence. Then each vector /3j is uniquely detemined by the other vectors 
together with the requirements that 

(1) (/3fc, A) = 0fork>i. 

(2) The vectors fdi additively generate Z”. 

Note that these conditions depend only on n and the Euler form (•,■)• This implies 
that there is an action of the braid group on n-strands on the set of dimension vectors of 
exceptional sequences which is given by 

(Tii/Sl,--- ,l3n) = (/?!,• •• ,A-l,/3*+i,/Ii,A+2,--- ,/3n) 
where is the unique vector in N"" satisfying the conditions of the proposition above. 

Corollary 1.3.7. An exceptional A-module is uniquely determined up to isomorphism by its 
dimension vector. Furthermore, a vector /3 G N** is the dimension vector of an exceptional 
module if and only if it appears in a(ai, ■ ■ ■ ,an) for some element a of the braid group 
on n strands where ai = dim Si are the unit vectors in . In particular, the set of such 
dimension vectors depends only on the underlying valued quiver of A. 

This is a restatement of another important theorem of Schofield |S91] : The dimension 
vectors of the exceptional A-modules are the real Schur roots of A. In this paper we will 
not need the original definition of a real Schur root [Kaj . Eollowing [S91j . |S92j . we use the 
characterizing property of real Schur roots given by the above corollary as the definition. 

Definition 1.3.8. |S92] A real Schur root of A is a vector /3 G N" with the property that 
there exists an exceptional module Mg with dimM^ = jd. 

As a special case of Corollary 11.3.71 above we have the following. 

Corollary 1.3.9. The real Schur roots of an hereditary algebra are the same as those of 
the associated modulated quiver. 

1.4. Extension to arbitrary fields. The main results of this paper hold for arbitrary 
fields. The proofs are first done for infinite fields and they are extended to all fields using 
the following arguments. 

Recall that if IT is a finite field and E is a finite field extension of K then 

F K{t) ^ F{t) 

is a finite field extension of K{t). For any E-algebra A we will use the notation A{t) to 
denote A ddx K (t). This is a finite dimensional hereditary algebra over K (t). For any A- 
module M, let M{t) denote the A(t)-module M®KK{t). Recall that the dimension vector of 
M{t) as a A(t)-module is the vector whose i-th coordinate is dim^, {t) HomA(t)(Pi(t),M(t)). 

Theorem 1.4.1. Let A be a finite dimensional hereditary algebra over a finite field K and 
let M be an exceptional A-module with dim M = /3. Then, A{t) is a finite dimensional 
hereditary algebra over K{t) and M{t) is an exceptional A(t)-module with the same dimen¬ 
sion vector fd. Furthermore, every exceptional A{t) module is isomorphic to M{t) for a 
unique exceptional A-module M. 
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Proof. Since tensor product over K with K{t) is exact we get: 

HomA(X, y) K{t) ^ HomA(t) (X(t), F(t)) 

Exti(X,y) K{t) ^ Exti(i)(X(t),y(t)) 

for any two A-modules X, Y. Therefore, a A-module M is exceptional if and only if M{t) = 
M K{t) is an exceptional A(t)-module. The rest follows from Corollary I1.3.71 □ 

2. Virtual representations and semi-invariants 

Throughout this section we consider representations of a finite dimensional hereditary 
algebra A over an infinite field K. 

2.1. Generic decomposition theorem. We first recall the Happel-Ringel Lemma [HR]. 

Lemma 2.1.1 (Happel-Ringel). Suppose that Ti,T 2 are indeeomposable modules over an 
hereditary algebra A so that Ext):^(Ti, r 2 ) = 0. Then any nonzero morphism T 2 Ti is 
either a monomorphism or an epimorphism. 

An important consequence of this lemma is the following observation of Schofield. 

Lemma 2.1.2 (Schofield). Suppose that {Mi} is a set of nonisomorphie indecomposable 
modules so that = 0 for all i,j. Then {Mi} ean be renumbered so that 

HomA(Mj,Mj) = 0 for j > i, i.e., so that it forms an exeeptional sequence. 

Proof. If not, there is an oriented cycle of nonzero morphisms between the Mi which are 
monomorphisms or epimorphisms. In this oriented cycle there must be an epimorphism 
followed by a monomorphism, hence the composition is neither a monomorphism nor an 
epimorphism which contradicts the Happel-Ringel Lemma. □ 

We give a definition of the representation space Rep{A, a) for any finite dimensional 
hereditary algebra A and a € which will agree with the classical definition of Rep{A, a) 
when A = KQ, the path algebra of a quiver, or when A = T{Q, Ai), the tensor algebra of 
any modulated quiver. In the definition we need to choose a decomposition of the radical 
of each projective module, however, if different decompositions are chosen, there is an 
isomorphism of the affine varieties which induce isomorphisms on cokernel modules. 

Definition 2.1.3. Eor each a G N’^ consider the following space 

(2.1.1) II(A,a) := OieQc HomA(©,^ HomA(©,,,. P(a)) 

where dji = dimj?. ExtA(S'j, Si) for i ^ j. For each choice of decompositions 

(2.1.2) 

we get an isomorphism : ©j ^ Pf^^ — radP{a) and we define the representation 

spaee Rep^{A,a) to be 

Rep^{A, a) := {/ : radP{a) —)• P{a) \ f o S H{A, a)} 

Let Nf := coker{f — inc : radP{a) —>• P{a)) for each / G Rep^{A, a). 

Remark 2.1.4. (1) dim Vy = a for every / G Rep^{A,a). 

(2) Every A-module M with dim M = a is isomorphic to Nj for some / G Rep^{A,a). 

(3) If ifa is obtained by another choice of decompositions (|2.1.2D then there is a linear 
isomorphism A : Rep^{A,a) = Rep^(A, a) with the property that Nf = N\f. 

(4) When A = KQ is the path algebra of a quiver or A = T(Q,AA) the tensor alge¬ 
bra of a modulated quiver, there are canonical choices for the isomorphisms (pj of 
(12.1.21) and the resulting representation space agrees with the classical definition of 
Rep{A, a). 












(5) We will write Repif,{A, a) = Rep{A, a) suppressing the choice of cp. 

The following was originally proved by Kac |Kaj for quivers over an algebraically closed 
field K. However, the proof that we give below works over any infinite field. 

Lemma 2.1.5. Let A be an hereditary algebra over an infinite field. Suppose that M is a 
rigid A-module with projeetive presentation Q ^ P ^ P' ^ M ^0. Then the set of all 
f € HomACT*, P') with coker(f) = M is a nonempty Zariski open set in HomA(T’, P'). 

Proof. Since HomACT*, P') contains a monomorphism, the set of all monomorphisms P ^ P' 
is open. For any two monomorphisms /i ,/2 : P ^ P', Pxt\{coker fi,coker f 2 ) is the 
cokernel of the map 

^(/i, /a) : EndA(H) © EndA(H') ^ HomA(P, P') 

which sends {g, g') to g'ofi+f 2 og. Since 'ip{p, p) is surjective, the subset U C HomA(P, P') of 
all monomorphisms f : P ^ P' so that 'tp{f,p),'4’{p, f) and ifif, f) are all surjective is open. 
This implies that coker / © M is rigid for all f & U. We will show that coker f is isomorphic 
to M for any f G U. This will imply that {/ E HomA(P, P') : coker f = M} = U is open. 

Eor any f G U, let {iVj} be the components of coker f. Let {Mi} be the components of 
M. Then {Mi,Nj} form a collection of indecomposable modules which do not extend each 
other. So, by Schofield’s observation, we can arrange them into an exceptional sequence, 
possibly with repetitions. Take the last object in the sequence. By symmetry, suppose it is 
Nj . Since dim M = dim coker f we have 

dim^: HomA(A^j, M) = ( dim Nj . dim M) = dim a" HomA(iVj, cofcer/) 0. 

So, there is a nonzero morphism Nj —)■ Mi for some i. Since Nj is last in the exceptional 
sequence, this can happen only if Nj = Mi. Then coker f /Nj., M/Mi are rigid modules 
of the same dimension vector. So, coker f/Nj = M/Mi by induction on dimension. We 
conclude that coker f = Nj (B coker f /Nj = Mi © M/Mi = M as claimed. □ 

Theorem 2.1.6. Let A be an hereditary algebra over an infinite field. Suppose that a G N”' 
and M is a rigid module with dim M = a. Then the set of all f G Rep{A,a) so that 
Nf = M forms an open dense subset of Rep{A,a). 

Proof. Let : Rep{A,a) ^ }lom/^{radP{a), P{a)) be the affine linear embedding given 
by V’(/) = f — inc. Let V be the set of all / E Rep{A,a) so that Nj = M. Then V is 
open since it is the inverse image under of the open subset of }lom\{rad P{a), P{a)) of 
all maps with cokernel isomorphic to M. □ 

Since exceptional modules are rigid, we have the following immediate consequence. 

Corollary 2.1.7. Suppose that M^ is an exceptional A-module with dim M^. = a. Then 
the set of all f G Rep{A, a) so that Nf = M^ forms an open and thus dense subset of 
Rep{A,a). In partieular M^ is uniguely determined up to isomorphism by a. 

Another important consequence of Theorem 12.1.61 is the following. 

Corollary 2.1.8 (Generic Decomposition Theorem for rigid modules in modulated case). 
Suppose that oi,--- ,ak are real Schur roots so that Py±\{Mcn,Ma.) = 0 for all i,j. Let 
7 = ® nonnegative integer linear eombination of these roots. Then the generic 

representation with dimension veetor 7 is isomorphie to ©jLi ■ 

Proof. Apply Theorem 12.1.61 to the module M = M”* with dim M = 7. □ 
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2.2. Presentation Spaces and Semi-invariants. Let 70,71 be vectors in N”. We define 
the presentation space Pres\{'yi,'yo) to be 

PresA(7i,7o) := HoniA(P(7i),^( 70 )) 

where we use the notation P{a) = Presentation spaces are affine spaces over 

K. They are related to representation spaces as follows. Suppose that a € N”. Then 
(/? : radP{a) = P{'y) for 7 € N"" and we have the iL-linear embedding: 

Rep{A,a) ^ Pres\{'^,a) 

sending / : radP{a) — P{a) to (/ — me) o ip~^. The elements of Rep{A,a) and their 
images in Pres\{'y, a) represent the same module Nf. The algebraic group Aut{P{'yi))°P x 
Aut{P{'yQ)) acts on presentation space by composition: (a, 6 )/ = bfa. This is a generaliza¬ 
tion of what happens in the algebraically closed case. 

Definition 2.2.1. A semi-invariant on PresA( 7 i, 7 o) = HomA(P( 7 i),P( 7 o)) is defined to 
be a regular function 

a : PresA(7i,7o) K 

for which there exist characters r]s '■ Aut(P( 7 s)) —> K*, s = 0,1, so that, for all (< 70 , 51 ) £ 
Aut(P( 7 o)) X Aut(P( 7 i)) and / G PresA(7i, 7 o), we have <t(5o/5i) = cr{f)vo{9o)vi{9i)- 
The pair of characters ( 50 , 71 ) is called the weight of a. 

The following lemma shows that such characters are products of character on GL{ai, Fi). 

Lemma 2.2.2. Every group homomorphism AutA(P(Q:)) —>■ K* factors through the group 

aAutA(/’““). 

Proof. When K has only two elements, the lemma holds trivially. So, we may assume K 
has at least three elements. Then every element of K can be written as a — b where a,b ^ 0. 
So, the elementary matrix 


1 o' 


a 0 


a 0 

-1 

a 0 

-1 

a 0 

a — b 1 


—ab b 


0 b 


—ab b 


0 b 


is a commutator. We write automorphisms of P(q;) in block matrix form. Since HomA(P)-, Pi) 
0 for i < j, the matrix is lower triangular with diagonal blocks in AutA(Pj°'*)- So, every ele¬ 
ment in the kernel of the homomorphism vr : AutA(P(Q:)) ^ n AutA(Pj°'*), when written in 
matrix form, is lower triangular with Is on the diagonal. But all such matrices are products 
of elementary matrices such as the one above. So ker vr lies in the commutator subgroup of 
AutA(P(Q;)). Since K* is abelian, any homomorphism (p : AutA(P(Q;)) — K* is trivial on 
commutators. Therefore ker vr C ker p which implies that p factors through vr proving the 
lemma. □ 

Remark 2.2.3. (1) By Lemma [2.2.21 every character x : AutA(0 P"^^) ^ K* is a product 
of component characters AutA(Pj"'0 ■ 

(2) Since EndA(Pi) = Pi is a division algebra, we have AutA(P"’*) — GL{ni, Fi). This has a 
character given by the determinant of the induced automorphism S'”' ^ S”' considered as 
a iL-linear map: 

Xi = detx : AutA(Tf'*) K*. 

Then Xi is a polynomial of degree Uifi where fi = d\m.K Si = dimA- Pj. 

(3) We will only consider special characters which we call “determinantal” fPefinition 12.2.41 
below). There may be other characters called “reduced norms” which are explained in detail 
in Appendix B, Sec[6l 
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Definition 2.2.4. We call a character x ■ AutA(©-P”'’ ) —>■ K* determinantal if its com¬ 
ponents characters AutA(-P"*) —)• K* are integer powers of the determinant Xi^ he-) there 
exists a vector a € so that X = Hi xT ■ The coordinate Oj is uniquely determined by x 
if and only if n* 7 ^ 0 (and K is infinite). 

The following proposition is analogous to Proposition 3.3.3 from [lOTWO^ which was 
proved for simply laced quivers. But the same proof works in general. 


Proposition 2.2.5. Let K he a finite dimensional hereditary algebra over an infinite field 
K. Suppose that a is a nonzero semi-invariant on PresA( 7 i, 7 o) with weights rjQ,r]i which 
are determinantal characters given by rjo = UiXtfi VI = Ui xf* where Then 

Ui = fii whenever the i-th coordinates 0/70,71 are both nonzero. □ 

Definition 2.2.6. We say that a semi-invariant a on PresA( 7 i, 70 ) has determinantal 
weight vector (det-weight) /3 € Z” if both of its weights can be written as xf*- other 
words, for any / : P( 7 i) —>■ P( 7 o), h € Aut(P( 7 i )),5 G Aut(P( 7 o)) we have: 

( 2 . 2 . 1 ) cr{gfh) = a{f) 0 Xiivf^Xiihf^ 

We also say that / : P( 7 i) —>■ P{xo) admits a semi-invariant of det-weight fi if there exists 
a semi-invariant a of det-weight j3 on Pres\{xi^lo) so that cr(/) 0. 


Example 2.2.7. The following example of a modulated quiver illustrates many of these 
concepts. Let K = 'R and consider the following M-modulated quiver. 


F 3 


M32=1HI 


> F 2 


M21=C 


> Fi = M 


Then P 2 is the representation 0 —)• C —>■ with radical 0 —)• 0 —which is Sf = P^ = 
radP 2 . The structure map of the module P 2 gives an M-linear isomorphism C = M^. Let 
7o = 62 = (0,1,0), 71 = Cl = (1,0,0). Then P{xo) = P2, Pi'll) = Pi and the presentation 
space PresA (71,70) = HomA(Pi,P 2 ) — Thus any homomorphism / : Pi —)• P 2 is given 
by two real numbers {x,y). Then a{f) = is a semi-invariant on Pres\{'yi,'lo) 

of weight fi = (2,1, *) with /I 3 being undefined. To see this consider the group which 
acts on the presentation space. The group is G = GL(1,M)°^ x GL(1,C) x GP(0,]H[). If 
g = ir,a + hi, 1) G G then gf = {a -\- bi)fr = (axr — byr, ayr bxr) with 

c^iaf) = ia^ + b^)ix^ + = Xii9)‘^X2ig)^X3i9)"'(^if)- 


Since Xsig) = 1) this equation is true for any m G Z. Thus, n is a determinantal semi¬ 
invariant on PresA(ei, 62 ) with det-weight (2,1, m) for any m G Z. The third coordinate is 
not well-defined since 70,3 = 0 = 71 ^ 3 . 


We now show that the coordinates of (3 are nonnegative when they are well-defined. 


Proposition 2.2.8. If a semi-invariant on PresA( 7 i, 70 ) has well-defined det-weight fi then 
fi G i.e., /Ij > 0 for all i. 


Proof. Since [3 is well-defined, for each i, either 70,1 / 0 or 71 ^* 0. By symmetry assume 

= 7 o,i 7 ^ 0. Choose / G PresA( 71 , 70 ) so that ct(/) 7 ^ 0. Let : EndA(P"0 
EndA(©P”^) be the embedding which sends g G EndA(P”*) to the endomorphism of 
0 P”-’ which is g on P”“ and the inclusion map on P”^ for every j 7 ^ i. Then g 1 -^ a{fi{g)f ) 
is a regular function EndA(P/'*) ^ K which extends the map g i-)- Xi(5')^'<^(/) on AutA(P/'') 
and sends 0 to 0. This is impossible for /3j < 0. Therefore, /3i > 0 for every i. □ 

The following proposition is one of the motivations for the uniform notation Vrep{A, a) 
introduced in the next section in Definition 12.3.11 


Proposition 2.2.9. Suppose that PresA(7i,7o) has a semi-invariant of det-weight (3 and 
(P*)“^( 7 o — 7 i) = a where L is the left Euler matrix and K is infinite. Then {a, (3) = 0. 
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Proof. Consider the automorphisms of Fiji) = P( 7 o) = 0* given 

by multiplication by A G K*. The character of this automorphism of XiW = 

det(A'^i'*) = A'^i'Pb Since A/ = /A for all / G PresA( 7 i, 70 ) we conclude that 

Since this polynomial equation holds for all A G K* which is infinite, we conclude that 
E7o,i/i/3i = E7i,i/iA- So, 

0 = “ 7i,i)/iA = (a, /?) 

since (L*)“^( 7 o — 71 ) = a and (a,/3) = a^E/3 = a^LDfi = (70 — 7 i)P/ 3 . □ 

As a corollary of this proof we have the following. 

Corollary 2.2.10. A semi-invariant a on PresA( 7 i, 70 ) with det-weight fi is a homogeneous 
polynomial function of degree X]i7i,*/*A which is also equal to Yli1o,ifi/3i assuming K is 
infinite. In particular, (3 = 0 if and only if a is constant. □ 

When / G PresA( 7 i, 7 o) is a monomorphism P(7i) P(7o), we have: 

dim coker / = dimP( 7 o) — dim Pf^i) = (P*)~^( 7 o — 71 ) 

which is a in the proposition above. We want to view different presentations of the same 
module as being equivalent. To make this precise we make the following definitions. 

2.3. Virtual representations. “Virtual representations” will be given by “stablilizing” 
presentation / : P( 7 i) —)• P( 7 o). These will form the objects of the “virtual representation 
category” and the elements of the “virtual representation space.” First, note that 

P (7 + <5) = P( 7 ) ©' P{6) 

where ©' denotes the “shuffle sum” given by collecting isomorphic summands together. We 
use this to make the equality strict. For example (Pi © P 2 ) ©^ Pi denotes Pi © Pi © P 2 . 
Given any three dimension vectors 70 , 71 , <5 G consider the linear monomorphism 

PresA (71,70) PresAi'yi + (5,7o + S) 

given by sending / : P( 7 i) P( 7 o) to / ©' lp( 5 ) : P( 7 i) ©' P{5) P( 7 o) ©' P(<5). We 

call this map stabilization. This gives a directed system whose objects are all presentation 
spaces Pres\{6i,6o) having the property that <5o — <5i = 70 — 71 . This implies dim PfJn) — 
dim PfJi j = a = dim Pf^n) — dim Pf^i) G Z"’. Equivalently, 70 — 7 i = L^a. 

Definition 2.3.1. For any a ^ IP we define the virtual representation space Vrep{A, a) to 
be the direct limit (colimit): 

Vrep{A,a) := coffmPresA (71,7o) = coZzmHomA (P(7i ), P(7o)) 

where the colimit is taken over all pairs 70,71 G so that 70—71 = L^a. Elements of 
Vrep{A, a) will be called virtual representations of A of dimension vector a We take 

the direct limit topology on Vrep{A, a). Since each presentation space is irreducible, it 
follows that Vrep{A,a) is irreducible, i.e., any nonempty open subset is dense. 

The main purpose of the virtual representation space is to make the weights of semi¬ 
invariants well-defined. See Definition 12.4.61 below. 

We now construct the category Vrep{A) of all virtual representations of A. The object 
set of this category will be the disjoint union 

Ob{Vrep{A)) := |_| Vrep{A,a). 
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Representatives of Vrep{A, a) are presentations p : -P(7i) —> -P(7o) which we denote -P(7*). 
A morphism in Vrep{K) can be defined on representatives as in the following diagram 

p{i*)= 

/=(/o,/l)| |/l |/o 

P(7*)= P(7i)^n%)- 

In other words, (/o,/i) gives a chain map P{i*) —> P{p*)- Two such chain maps are 
equivalent (/o,/i) (/g, /{) if they are homotopic, i.e., if there is a map h : P{Co) Pivi) 

so that /{ = /i + hp and /g = /o + qh. We define a morphism X ^ Y to be an equivalence 
class of such chain maps under the equivalence relation generated by homotopy as explained 
above and stabilization which means (/o, /i) ~ (/o©^lP) for any projective module 

P = PiC). 

Since direct sum does not commute with stabilization, to define direct sums in Vrep{A) 
we define the category Pres{K) and show that it is equivalent to Vrep(A). Pres{A) is the 
category whose objects are all chain complexes of finitely generated projective modules in 
degrees 0 and 1: P{'y*) = {p '■ -P(7i) —> -P(7o)) and whose morphisms are homotopy classes 
of degree 0 chain maps. Objects of Pres{A) will be called presentations. 

Proposition 2.3.2. The stabilization map P(7*) •-)> (P( 7 *)) is an equivalence of categories 

Pres{A) = Vrep{A). 

Proof. As a chain complex, every presentation is homotopy equivalent to each of its stabiliza¬ 
tions. Therefore, any two representatives of the same virtual representation are canonically 
isomorphic as objects of Pres{A). Given any two objects X,Y in Vrep{A), a morphism 
f : X ^ Y is represented by a morphism / = (/o,/i) : P{f,*) P{h*) fo Pres{A). Since 

these representatives are unique up to canonical isomorphism in Pres (A), / is unique. So, 
Homwgp(^)(X, F) = Homp^es(A)(T’(C*)) ©’(r/*)). In other words the stabilization functor is 
full, faithful and dense. So, it is an equivalence. □ 

Since the kernel of p : P(7i) ^ P{lo) splits off of P(7i), we get the following. 

Proposition 2.3.3. The indecomposable objects of Pres{A) and Vrep{A) are 

(1) projective presentations of indecomposable A-modules and 

(2) shifted indecomposable projective A-modules P[l], i.e., P —> 0 G Pres(A). 

Definition 2.3.4. The underlying module of a presentation P(7*) = (P(7i) ©"(yg)) is 

defined to be |P(7*)| := kerpGcokerp. In particular, |P[1]| = P. 

Remark 2.3.5. Let P(C*) = (/ : P{f.i) P{f.o)) and P(? 7 *) = {g : P(??i) Pivo)) be 
objects in Pres{K) and representatives of objects in Vrep{A). The following are equivalent. 

(1) P(C*) = P{h*) fo Pres(A). 

(2) P(C*) = pIv*) fo Vrep{A). 

(3) ker / = ker g and coker / = coker g in mod-A. 

(4) /, gr are homotopy equivalent. 

(5) If, in addition, ^g = yg then /, g are chain isomorphic. 

For two objects P(C*), P{h*) of Pres{K) (or Vrep{A)) we define Extp^g^(^)(P(.f*), P{p*)) 
in the usual way as the space of homotopy classes of chain maps P(C*) —> P( 7 *)[l]. 

Corollary 2.3.6. Pres(A) is equivalent to the full subcategory of the bounded derived cat¬ 
egory of mod-A with objects all P(7*) so that Homp 6 (P( 7 *), F[A:]) = 0 for all Y G mod-A 
and all k ^ 0,1. Furthermore, Extp^g^(-^)(P( 7 *), P((5*)) = Extp 6 (P( 7 *), P((5*)) 
P(7*),P((5*) G Pres(A). 
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Proof. It is clear that all P{'y*) € Pres{A) satisfy this condition. Conversely, suppose that 
P{'y*) satisfies the condition. Then P{'y*) G mod-A or P{'y^.) = ^[1] where Z G mod-A. In 
the second case we have Hornet(Z[1],T[2]) = 0 for all modules Y. This implies that Z is 
projective. □ 

Recall that the cluster category C\ of A is the orbit category of the bounded derived 
category T>^{mod-A) under the functor F = (see [BMRRT] 1. Recall that a partial 

cluster tilting object is an object T of C\ so that Ext 0 ^(T, T) = 0 and if it has n nonisomor¬ 
phic summands it is called a cluster tilting object. The fundamental domain of the functor 
F consists of A-modules and shifted projective modules. Therefore we get the following. 

Corollary 2.3.7. The functor T : Pres{A) Ca which sends each object to its F-orbit is 
a faithful functor which induces a bijection between isomorphism classes of objects. Further¬ 
more, Extp 6 (P(^*),P(? 7 *)) = 0 = Extp6(P(77*),P(^*)) if and onZy i/Ext^^ (TP(^*), TP(r/*)) = 
0 = Ext^^(TP(7/*), for all P{f,*), Pid*) Pres{A). 

Definition 2.3.8. The dimension vector of a presentation P( 7 *) = {p : Pi'Ji) P( 7 o)) 
is defined to be dimP( 7 *) := dim P('yn) — dim Pf^i) = dim coker p — dim ker p. This is the 
unique integer vector a G satisfying L^a = 7 o — 7 i where L is the left Euler matrix of A. 

Theorem 2.3.9. Let P(7*) = {p ■ P(7i) —^ P(7o)) be a presentation with dimension vector 
dimP( 7 *) = a so that Extpj,g^^^^(P( 7 *), P( 7 *)) = 0. Then the set of all presentations 
isomorphic to P(7*) is an open dense subset of the K-affine space PresA(7i,7o)- 

Proof. Let P = kerp. Then P( 7 *) = P[l] © P(7l) where P( 7 *) = (P(7i) Pilo)) is 
a projective presentation of a A-module M with 'Ext\{M,M) = 0 and dimM = (3. By 
assumption, 0 = Ext],^g^(^)(P[l], P( 7 ')) = Ext^6(^^(P[l], P( 7 ' )) = Homp6(A)(P, P(70) = 
HomA(P, M). Let / : P(7i) —>■ P(7o) be a general morphism. Restrict / to the components 
of P(7i) to get fi : P ^ P{lo) and /2 : P(7i) —>■ P(7o)- Since g is a monomorphism and 
/2 is a general map, it follows from Lemma 12.1.51 that /2 is a monomorphism with cokernel 
isomorphic to M. So, /2 is homotopy equivalent and thus isomorphic to q : P(7[) ^ P(7o)- 
Since HomA(P, M) = 0, fi = f 2 ° s for some s : P(7o) —>■ P(7l)- Then presentation (/i — 

/2 o s, / 2 ) = (0, / 2 ) is isomorphic to / : P( 7 i) ^ P( 7 o) and to P[l] © P( 7 ') = P( 7 *). Thus 
the general presentation / : P( 7 i) —)• P(7o) is isomorphic to P(7*) in PresA(7i)7o)- Zl 

Recall that a partial cluster tilting set is a set {/3j} of distinct real Schur roots and 
negative projective roots which are the dimension vectors of components of a partial cluster 
tilting object in the cluster category Ca. If the partial cluster tilting set has exactly n 
elements it is called a cluster tilting set. 

Definition 2.3.10. A partial cluster tilting object in Pres(A) is defined to be ©P(7*) 
such that {dimP( 7 *)} is a partial cluster tilting set. If this object has n nonisomorphic 
summands it is called a cluster tilting object in Pres(A). 

Theorem 2.3.11 (Virtual Generic Decomposition Theorem). Let {/3i} he a partial cluster 
tilting set. Let a = ^ where G Q. Then rj G Z and the general virtual 

representation in Vrep{A,a) is isomorphic to 0jP(7*)'’* where P(7*) are rigid objects in 
Vrep{A, Pi). Ln other words, the set of all elements of Vrep{A, a) isomorphic to 0jP(7j)^* 
is open and dense. 

Proof. The underlying modules |P(7*)|, * = 1, • • • ,k form an exceptional sequence by Lemma 
I2.1.2l if we put the shifted projectives last. This can be extended to a complete exceptional 
sequence, say (See section fTHl l The dimension vectors dim Mj generate IP by 

Proposition 11.3.,^ (3). Therefore, the integer vectors in the Q-span of the vectors in the 
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subset I dim lie in the Z-span of these vectors. By Theorem 12.3.91 the virtual rep¬ 
resentations isomorphic to ^’( 7 *)"* form an open dense subset of each presentation 

space and therefore of the colimit Vrep{A,’j). □ 

2.4. Virtual semi-invariants. We return to the discussion of semi-invariants. We consider 
direct sums of presentations. 

Lemma 2.4.1. Let f : P{'yi -|- (^ 1 ) —>■ Pi'Jo + Sq) be a direet sum of two projeetive presen¬ 
tations f = fi (B f 2 where /i : P{'yi) —>■ Pi'Jo) f 2 ■ P{di) —>■ P{6o). If f admits a 
semi-invariant of det-weight fi then so does eaeh fi. 

Proof. Consider the composition: 

PresA( 71 , 70 ) X PresA{ 6 i, 6 o) PresAi'Ji + Si,-/o + 60 ) K 

where u is a semi-invariant of det-weight fi on PresA( 7 i+(^i, 7o+<5o) so that / 2 )) 7 ^ 0 . 

Then, semi-invariants on Pres a^Ji,'J o) and PresA(di, So) can be defined by cr(c(—,f 2 )) : 
PresA(7i, 7o) —^ P and analogously for PresA(Si, Sq). It is easy to see that these are regular 
functions and they are semi-invariants of det-weight fi. Indeed, suppose that , 52 , , ^2 

are automorphisms of P( 7 i), P((5i), P( 7 o), P((Io)- Then g = gi (B g 2 and h = hi (B h 2 are 
automorphisms of P(7o)0P(5o) and P( 7 i) 0 P( 5 i) respectively so that Xi(g) = Xi(gi)Xi(g 2 ) 
and Xi{h) = Xi{hi)Xi{h 2 )■ Therefore 

52 / 2 / 12 ) = cr{gfh) = o-(i(/i,/ 2 )) nXi(5i)^Wi(52)^Wi(/ii)^Wi(/i2)^' 

So, (T(i(—, 72 )) is a semi-invariant on PresA(7i,7o) of det-weight /3 which is nonzero on fi 
and similarly with a{i{fi, —)). □ 

Let Pres{A,a) = jj PresA(7i, 7o) denote the disjoint union of presentation spaces 
PresA( 71 , 70 ) over all pairs 70,71 € N” so that = 7o ~ 71 - 

Proposition 2.4.2. Suppose that oi,--- , On € o,re linearly independent. Suppose that 
fi G Pres{A, Oj). Then 0 /i € Pres{A, ^ Oj) does not admit a semi-invariant with nonzero 
det-weight. 

Proof. If / = 0/i admits a semi-invariant of det-weight fi then, by Lemma 12.4.11 so does 
every fi. By Proposition 12.2.91 we conclude that {ai,fi) = 0 for all i. So, fi = 0. □ 

Remark 2.4.3. For any semi-invariant a, there is a power of a which has determinantal 
weight. This follows from the fact that detx is a power of the reduced norm n : Mk{Fi) —>■ K. 
We refer the reader to Appendix B, Sec [6] for the definition of reduced norm and the 
proof of the theorem (Theorem 16.2. ip that all characters are powers of the reduced norm. 
Consequently, in Proposition 12.4.21 above, 0 fi does not admit a semi-invariant of any 
weight since, if it did, then some power of that semi-invariant would be a semi-invariant 
with nonzero determinantal weight. 

Definition 2.4.4. By a semi-invariant on Pres{A, a) we mean a semi-invariant on one of 
the presentation spaces PresA(7i,7o) in th® disjoint union. Such a semi-invariant a will 
be called determinantal if there is a module M so that, for all / : P(7i) ^ P(7o) in 
PresA(7i, 7o), (^if) is the determinant of the induced map 

HomA(/, M) : HomA(P(7o), M) HomA(P(7i), AI). 

We denote this by am- It is easy to see that am is a semi-invariant of det-weight dim M. 
In case the det-weight of um is not well-defined, we take it to be dimM by definition. 

When the ground field K is algebraically closed then Schofield |S91j showed that the 
determinantal semi-invariants generate the ring of all semi-invariants in the Dynkin case 
and this theorem was extended in [DW] to all quivers over an algebraically closed field. 
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Corollary 2.4.5. Let a = ^ riiPi be an integer linear combination of the vectors /3i in a 
cluster tilting set. If Ui > 0 for all 1 < i < n, then Pres{A,a) has no semi-invariant with 
nonzero determinantal weight. 

Proof. If there is a nonzero semi-invariant cr on HomA(P, Q) with dim (Q') — dim(P) = a 
then a will be nonzero on the generic element of HomA(-P, Q). By Corollary 12.3.111 the 
generic element splits as a direct sum of n objects with linearly independent dimension 
vectors. But this contradicts Proposition 12.4.21 Our Corollary follows. □ 

Definition 2.4.6. A virtual semi-invariant of det-weight /3 on Vrep{A,a) is a mapping 

a : Vrep{A, a) ^ K 

whose restriction to each PresA(7i,7o) C Vrep{A,a) is a semi-invariant of det-weight /?. 

By definition of direct limit, a virtual semi-invariant on Vrep{A, a) is the same as a system 
of semi-invariants one on each PresA( 7 i 5 7 o) which are compatible with stabilization. One 
example is the determinantal semi-invariant um defined above. Since each coordinate of 70 
and 7 i become arbitrarily large, the weight of a virtual semi-invariant is well-dehned when 
K is infinite. 


3. Virtual stability theorem 

In this section we will prove the Virtual Stability Theorem (IS.l.ip which states that the 
domain of the semi-invariant with det-weight j3 defined in 13.1.31 is the subset of TP 

given by the stability conditions of I3.1.1l 2i. We also give a description of all elements of 
this set (Proposition I3.5.2P . 

3.1. Statements of the theorem. Let /3,/3' be real Schur roots. We say that ff is a real 
Schur subroot of (3 if contains a submodule isomorphic to Mg/. 

Theorem 3.1.1 (Virtual Stability Theorem). Let K be any field. Let A be a finite dimen¬ 
sional hereditary K-algebra with n non-isomorphic simple modules. Let a € Z” and (5 a 
real Schur root. Then, the following are equivalent: 

(1) There exists a virtual representation f : P ^ Q so that dim Q — dim P = a and f 
induces an isomorphism 

r : HomA(g,M;3) ^ HomA(P,M^). 

(2) Stability conditions for a and (3 hold: {a, j3) = 0 and {a, (3') < 0 for all real Schur 

subroots (3' (3. 

(3) There is a nonzero determinantal semi-invariant of det-weight (3 on the virtual rep¬ 
resentation space Vrep{A, a). 

Remark 3.1.2. In the previous paper [lOTWOhj . the authors proved the Virtual Stability 
Theorem for hereditary algebras over an algebraically closed held and vectors a € Z"', which 
may have negative coordinates. This was an extension of the results of [DW| and [Kij from 
a € N"" to a € Z”. Here we extend this theorem to hereditary algebras over any held. We 
also note that Condition (2) is weaker and thus the theorem is stronger than the original 
theorems of |DW] and |Ki] since the condition {a, f3') < 0 is only required for real Schur 
subroots (3' of f3 and not for all subroots of (3. 

We now restate the theorem in terms of the following sets, usually referred to as various 
“domains of virtual semi-invariants” or “supports of virtual semi-invariants”. 

Definition 3.1.3. Let /3 be a real Schur root. We dehne the following: 

Dz{f3) '■= {a € Z" : Condition(l) holds} = integral support of det-weight (3, 

D{I3) := convex hull of Dzifd) in M"' = real support of det-weight (3, 
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D^^{(3) := {x G M” : (x,/3) = 0 and (x,/3') < 0 for all real Schur subroots /3' C /?} 

= support of real semi-stability conditions, 

D^{/3) := {a G Z” : {a,/3) = 0 and < 0 for all real Schur subroots (3' C /?} 

= n Z”' = support of integral semi-stability conditions. 

The Virtual Stability Theorem 13.1.11 can now be restated as: 

Theorem 3.1.4 (Virtual Stability Theorem’). Let K be any field, A a finite dimensional 
hereditary K-algebra with n simple modules. Let fi be a real Schur root. Then 

= DM- 

The proof of the theorem occupies the rest of this section. We will first prove the theorem 
for infinite fields and in subsection 13.61 we will extend the proof to all fields. We start with 
the simple lemma showing the equivalence of conditions (1) and (3) in the Virtual Stability 
Theorem 13.1.11 hence reducing the proof to showing that D^{(3) = Dzifi), i.e. Virtual 
Stability Theorem’ 13.1.41 

Lemma 3.1.5. Let K be an infinite field, A a finite dimensional hereditary K-algebra with 
n simple modules, a G Z” and fi a real Schur root. The following are equivalent: 

(1) There exists a virtual representation f : P ^ Q with dim Q — dim P = a so that f 

induces an isomorphism f* : Mjs) ^ HomA(P, M^). 

(2) There is a nonzero determinantal semi-invariant of det-weight fi on virtual repre¬ 
sentation space Vrep(A,a). 

Proof. (1) =► (2) It follows from (1) that dimKLLomA{Q, Mp) = dimx P-om\{P, Mp) and 
therefore determinant of h* is defined for all h G Pres{A,a), is non-zero for h = f and is 
compatible with stabilization. Hence a = determinant is a (determinantal) semi-invariant 
on Vrep{A, a). 

(2) (1) Given a determinantal virtual semi-invariant of det-weight fi, we have an 

isomorphism f* : HomA(Q,M) = HomA(P, M) for some M with dim M = fi. Since being 
an isomorphism is an open condition, f* must also be an isomorphism for M = Mp. □ 

Lemma 3.1.6. Let fi be a real Schur root. Then Dz{l3) V D^{j3). 

Proof. Let a G Dzifi). Then there is / : P —)■ Q in Pres{A, a) such that f* : Hom((5, M^) ^ 
Hom(P, M^) is an isomorphism. So, (a,/3) = dim^: HomA((5) Af^) — dim^ HomA(P, M^) = 
0. The induced map Hom(Q,M^/) —)■ Hom(P,Mg/) is a monomorphism for all real Schur 
subroots fi' C j3. Therefore (a, /?') < 0, i.e. stability condition (2) holds and a G D^{I3). □ 

3.2. Perpendicular categories of Mp and associated exceptional seqnences. To a 

real Schur root /3 we associate an exceptional sequence (Afa,Pi, • • ■,En-i) which will play 
a crucial role in the proof of the theorem. We identify the A-module Mp with its projective 
presentation in Vrep{A, (3). 

Definition 3.2.1. (a) For any X in Vrep{A) let be the left Homyrep(A)-) ^'^^Vrep{Ky 
perpendicular category of X in Vrep{A), i.e., -^^X is the full subcategory of Vrep{A) with 
objects Y so that Homy^gp(A)(V, V) = 0 = Extyj,gp^^^(V, V). X-^^ is defined similarly. 

(b) For any M G mod-A, let be the left HomA-, ExtA-perpendicular category of M 
in mod-A with objects N so that HomA(A^, M) = 0 = ExtA(A^, M). M-^ is defined similarly. 

The following lemma will relate perpendicular categories in Vrep{A) and in mod-A al¬ 
lowing us to use some well known theorems for module categories. 

Lemma 3.2.2. (a) For any A-module M, n mod-A = . 

(b) For any X G Vrep{A), X-^^ n mod-A = |V|-*-. 
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Definition 3.2.3. A wide subcategory of mod-A for any hereditary algebra A is defined to 
be an extension closed full subcategory W C mod-A which is abelian and exactly embedded 
(a sequence in W is exact in W if and only if it is exact in mod-A). A wide subcategory is 
said to have rank k if it is isomorphic to the module category of an hereditary algebra with 
k simple objects. 

Remark 3.2.4. We need the following well-known properties of wide subcategories. [In Th] 

(1) Every finitely generated wide subcategory of mod-A is isomorphic to the module 
category of an hereditary algebra. 

( 2 ) If M is a A-module whose components form an exceptional sequence with k terms, 
the right HomA- ExtJ^- perpendicular category M-^ of M is a finitely generated wide 
subcategory of mod-A of rank n — k. The same holds for -^M. 

(3) For any finitely generated wide subcategory W of mod-A we have (■’■W)'*" = W and 

= W. 

In our case ■'"Mg is a wide subcategory of rank re — 1 since Mp is indecomposable. Let 
El,- • -, En-i be the simple objects of ^Mp. These objects are exceptional and using Propo¬ 
sition [ 132 ^ 1 ) can be ordered in such a way that the following sequence is an exceptional 
sequence in mod-A: 

(3.2.1) {Mp,Ei,-■ ■ ,En-i). 

By Lemma 13.2.21 we also have: 

(El © • • • © )^ © • • • © E„_i)-^c n rnod-A = (Ei © • • • © ^^ © • • • © E„_i)-^, 
and we use this to define, for each k = 1, ..., re —1, the following subcategories of mod-A , 

(3.2.2) Wfc := (El © • • • © )^ © • • • © E„_i)-^ C mod-A. 

These are wide subcategories of mod-A of rank 2 which contains Mp by definition of the 
EiS. 

Lemma 3.2.5. Let P be a real Schur root. Let (Ei, • • • ,E„_i) be an exceptional sequence 
of simple objects of^Mp and let be the projective cover of E^ in ^Mp C mod-A. Then 
is a projective A-module if and only if Mp is a simple object in Wk- 

Proof. Several exceptional sequences will be created out of (Ei, • • • , E„_i) and will be used 
in the proof. Since all Ej are simple objects and is projective in '^Mp C mod-A it follows 
that Hom(±n^^)(E^,Ej) = 0 for z 7 ^ A; and also Ext^^^j^^.^{Pl,Ei) = 0. Therefore: 

(a) (El, • • • ,Ek,--- , En-i,Pk) is an exceptional sequence in '^Mp. 

Since ^ mod-A is exact embedding it follows that HomA(E^,Ej) = 0 = ExtA(E^,Ej) 
for all i ^ k. This together with the fact that {Ei, • • • , Ek, • • • , E„_i, E^} Mp implies: 

(b) {Mp, El, • • • , Ek, • • • , En-i,Pk) is an exceptional sequence in mod-A. 

After applying Proposition I1.3.3l 6l to the exceptional sequence (a), one obtains: 

(c) (/(., El, • • • , Efc, • • • , En-i) is an exceptional sequence in ^Mp, and 

(d) {Mp,L'f^, El, • • • ,Ek,--- , E„_i) is an exceptional sequence in mod-A. 

After applying Proposition I1.3.3l 6l to the exceptional sequence (b), one obtains: 

(e) (A, Alp, El, • • • ,Ek,--- , En-i) is an exceptional sequence in mod-A, where 

X = taE^ if and only if E^ is not a projective A-module, and X is the injective envelope of 
E^/radE^ if and only if E^ is a projective A-module. 

(f) {Mp,I'jf) and {X,Mp) are exceptional sequences in Wfc. This follows from (d), (e) 
and definition of Wk- 

(g) There is a Wfc-irreducible map Mp —)• if and only if Mp © is not semi-simple, since 

rank(>Vfc) = 2 . 
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(h) There is a Wfc-irreducible map X —>■ if and only if X 0 Mp is not semi-simple, since 

rank(VV’fc) = 2 . 

Claim 1: If Mp is not simple in Wfc then is not a projective A-module. 

Proof: Since Mp is not simple it follows from (g) and (h) that there is an almost split 
sequence X ^ MJ^ I'^ in Wk- Since G ^Mp we have Ext\{Pl^, X) = HomA(P^, Ij.) 7 ^ 
0. So, Pi. is not projective in mod-A. 

Claim 2: If Mp is simple in then Pi is a projective A-module. 

Proof: If Mp is simple in Wfc, either Mp is simple injective or simple projective. 

Case 2a: If Mp is a simple injective object in Wfc, then there is no Wfc-irreducible map 
Mp I'k- So it follows by (g) that is a simple projective object in Wk- Since Wk 
has rank=2, there are only two simple objects. Therefore X is not simple and by (h) 
there is a Wfc-irreducible map X —>■ Mp. Since Mp is simple injective in Wk it follows 
that X is injective envelope of the simple object in Wk- If X is injective A-module, 
it follows by (e) that Pi is a projective A-module. If X is not injective A-module, then 
X = T\Pl. But in this case there is a non-zero composition of Wk-, and therefore A- 
maps Pi ^ Sk = I'k ^ X = T\Pl. However this would imply ExtA(P^,P^) 7 ^ 0 giving a 
contradiction to the fact that Pi is rigid. Hence, Pi is a projective A-module. 

Case 2b If Mp is simple projective in Wk then there is no Wfc-irreducible map X Mp 
and therefore X must be simple Wk object by (h), hence simple injective. Since the rank 
of Wk is 2, it follows that is not simple, hence there is a Wk irreducible map Mp II. 
Therefore is projective Wk object, projective cover of X. So, there is a short exact 
sequence in Wk- 0 —>• X —> 0 where m > 1. Since HomA(T’^,M^) = 0 and 

liom\(Pl, II) 7 ^ 0 we have a nonzero A morphism Pi X. Therefore, Pi is a projective 
A-module by (e). This proves the proof of the lemma. □ 

3.3. Subsets A+(/3) C A{/3) C Dz{l3) C D^{ld). In this subsection we define two new 
subsets, which will be used in the proof of the Virtual Stability Theorem’ 13.1.41 i.e., we will 
prove Dz{l3) = 

Definition 3.3.1. Let /3 be a real Schur root and let {Mp, Ei, - ■ ■ , En-i) be the exceptional 
sequence as defined in Equation (13.2.11) . Let: 

A“'"(/3) := { ki dim K- : /c* € N }. 

Lemma 3.3.2. The set A^(/3) contains all integer points in its convex hull in M”. 

Proof. Since {Mp, Ei, ■ ■ ■ ,En-i) is an exceptional sequence, by Proposition 11.3.31 every 
vector in Z"" can be expressed uniquely as an integer linear combination of the vectors 
dim Ei and /?. Since all elements in the convex hull of A'*'(/3) can be written as nonnegative 
real linear combinations of the vectors dim Ei it follows that when the integer points in this 
convex hull are written in this way, the nonnegative coefficients are necessarily integers. So, 
they are nonnegative integers. □ 

Remark 3.3.3. The following are simple useful facts about perpendicular categories and 
the set D'z{f3). 

(1) Let P( 7 *) G Vrep{A). If P{'y*) G ^^Mp then dimP( 7 *) G Dz{fi) 

(2) Let N G mod-A. If X G ^Mp then dim X G Di{(3). 

(3) Let Pj be an indecomposable projective A-module. Then 

Pj G ^Mp ^ Pj G ^^Mp ^ Pj[l] G ^^Mp ^ I3j = 0. 
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Definition 3.3.4. Let = {j € Z | f3j = 0}. Then 

A{«:={ ki dim Ej ^ ^ £ j dim Pj '^z(/5)‘ 

l<i<n —1 iSJ /3 

Proposition 3.3.5. A+(/3) C A(/3) C Dz{f3) C D|®(/3). 

Proof. The first inclusion follows from the definitions. The second follows from Remark 
13.3.31 The third is Lemma 13.1.61 □ 

To prove the stability theorem we will show that D^{j5) C A(/3) and therefore the last 
three sets in 13.3.51 are equal. To do this we first consider the case when Jp is empty, i.e., 
when /3 is sincere. 

3.4. Sincere case. When /3 is sincere we have A'’'(/3) = A(/3). Thus we are reduced to 
showing that D^{j3) C A~^{P). Note that “’“M^ C mod-A when (3 is sincere. 

Lemma 3.4.1. If f3 is sincere then D^{/3) = A'''(/l) and therefore D^{j3) = Dz{(3). 

Proof. Since (3 is sincere, it follows that there are no projective A-modules in ■*‘M^ and 
therefore none of the are projective A-modules. This implies that is not a simple 
object in Wk (as defined in equation I3.2.2p for each k = l,...,n —1 by Lemma [3.2.51 We 
will use this fact to construct certain Schur subroots 'jk ^ fd. 

Claim 1 . For each k = 1,2, ■ ■ ■ ,n — 1 there is a real Schur subroot jk of fd so that 

(1) (dimPj, 7 fc) = 0 if z / A: 

(2) (dimPfc,7fc) < 0. 

Construction of 7 ^: For each k, the category Wk = (Pi © • • • © Pfc © • • • © Pn-i)"*" C mod-A 
is a wide subcategory of rank 2 which contains Mp by definition of the PjS. Let Rk, Sk be 
the simple objects of Wk. Since Mp is not simple, there exists a nontrivial extension of Sk 
by Rk (or Rk hy Sk): 

Si ^ Alp Rl 

where p,q > 1. Let 7 ^ = dim Sk. Then 7 ^ is a proper real Schur subroot of jd. 

Properties of 7 ^: 

(1) (dimPj, 7 fc) = (dimPj, dimPfc) = 0 for all z 7 ^ A: since Sk € Wk = {(Bi^^kEi)'^- 

(2) (dimPfc, 7 fc) < 0. We prove this in two steps: 

Step 1: Since HomA(Pfc,M^) = 0 we must also have HomA(Pfc,5'j) = 0. Therefore 
(dimPfc, 7 fc) = (dim Ek, dim Sk) < 0 . 

Step 2 : (dim Ek. dim Sk) 7 ^ 0 since all vectors z satisfying (dim P,-. z) = 0 for all i are 
scalar multiples of /3 which is not possible since yk ^ Id. This finishes the proof of Claim 1. 

Claim 2: P|"(/3) C A+(/3). 

Proof of claim 2 : Since {Mp,Ei, • • • , Pn-i) is an exceptional sequence, by Proposition [OAl 
every vector in Z” can be expressed uniquely as an integer linear combination of fd and the 
vectors dim P,-. Let a G D^[j3). Then a is an integer linear combination of the roots 
dimPj, say a = a,- dim Ej. The stability conditions which define D^{I3) (Definition 

I3.1.3P and ( dim Pj.,7z-) = 0 imply 

(a,7fc) = Ok (dimPfc,7fc) < 0. 

Since (dim Ek.^k) < 0 by ( 2 ), this implies that > 0 for each k. Since all Oj are integers 
it follows that a € A+(/3). 

This finishes the proof that D^{j3) = D^ild) for /3 a sincere Schur root. □ 
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3.5. Non-sincere case. fProof of Theorem l3.1.4p In this subsection we will prove D^(B) = 
Di{f5) for all real Schur roots (5. In order to deal with non-sincere roots, we need the 
following lemma. 

Lemma 3.5.1. Let Q be a quiver, (5 a real Schur root which is not sincere, with /3j = 0. 
Let (5(j) be the quiver obtained from Q by deleting vertex j and all adjacent edges. Then: 

(1) D^^{Q,f3) = {a + m^Pj\a G f3),m € Z} = /3) + , 

(2) Dz{Q,l3) = {a + mdimPj | a € Dz{Q(j), P), m G Z} = Dz{Q(j),f3) + Z dim Pj . 

Proof. (1) Since Pj is one dimensional (over Fj) at vertex j, for any integer vector a G Z”, 
a — Uj dim Pj lies in Z”“^. Since (dim fi, 0') = 0 for all subroots /3' C /?, it follows that 
a G D^{I3) if and only if a — aj dim Pj lies in D^{Q(^j^, jd). 

(2) Since Pj and Pj[L\ are in the perpendicular category the same is true for 

Dz{Q, /3): Oi G Dz{Q, fd) iff there is a virtual representation P(7*) of dimension a which lies 
in Then P(7*) and P(7*) are virtual representations in and 

one of them has dimension a — aj dim P,- which lies in Dz{Q(j), fd). Conversely, Dz{Q(j), /d) + 
Z dim Pj is contained in D^ild). So, they are equal. □ 


Proof of Virtual Stability Theorem 3.1.4[ (when the field K is infinite). The proof is by 
induction on the number of vertices of the quiver Q. Let /3 be a real Schur root. If jd is 
sincere then D^{jd) = Dz{ld) by Lemma 13.4.11 

If (d is not sincere then by Lemma [ 3 . 5 . 11 11 : D^{Q,jd), is the set of all integer vectors 
of the form a + m dim P,- where a lies in D^(Q(^j'j, /d) and m €z Z. Since has n —1 
vertices, by induction D^{Qi^j^, jd) = Dz{Q(^j), jd). Then by Lemma [ 3 . 5.111 21 it follows that 
D^{ld) = Dx{ld). This finishes the proof of Theorem 13 . 1.41 □ 


The extended version of the stability theorem includes also the equality D^{ld) = A(/3) 
which was proved for jd sincere in Lemma 13.4.11 which we now extend to the general real 
Schur root jd. 

Proposition 3.5.2. Let jd be a real Schur root. Then 

Pr(/3) = P^(/3) = A(/3). 

Proof. When jd is sincere, this is Lemma [33T] So, suppose jd is not sincere. Let j G Jp and 
let = A/AcjA. Then the quiver Qq) as in Lemma 13.5.1 1 is the quiver of A(j). Then, by 
induction on n we have 

Dr(<3u,,/3) = A(<3u,,/3) = { Oi dim E) + dimPfc : Oj G N, G Z}, 

l<i<n—2 

where E[ are the simple objects of '^Mp in mod-A(^jy By Lemma 13.5.11 we conclude that 
P|''(/3) = A(Q(j),/3) 0 ZdimPj = { ^ a, dimP'0 ^ 6^ dimPfc : a* G N, 6^ G Z}. 

l<i<n—2 kGJp 

Since each E[ and each P^ is a module in ^Mp, their dimension vectors are nonnegative 
Z-linear combinations of the dimension vectors of the simple objects P* of ^Mp. Therefore, 

Pz (/3) ^k^Pk : G N, b'k G Z} = A(/3). 

l<i<n—1 kaJp 

By Proposition 13.3.51 the opposite inclusion A(/3) C Di{jd) C D^jjd) holds. □ 
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3.6. Extension to arbitrary fields K. (Proof of Theorem l3.1.ip Suppose that the ground 
field K is finite. Then, we still have the trivial implication (1 )a ^ (3)a- Since — K{t) 
is an exact functor, (3 )a ^ (3)A(t) which we have shown to be equivalent to (l)A(t) and (2) 
which does not refer to K. It remains to show that these imply (1 )a- 

Recall that, for every real Schur root /?, the simple objects Ei and projective objects Pj 
of n mod-A{t) are exceptional A(t)-modules. By Theorem 11.4.11 these are isomorphic 
to E[{t), P'-{t)^ for unique exceptional A-modules E'^, Pj, Then, for any a € 

= AA(t)(/l), we have 

a = ki dim E[{t) + ij dim Pj (t) = ki dim E[ + £j dim Pj 

where fc* G N and £j G Z. So, the direct sum of the A-modules E'^\ projective modules 
Pj ^ for £j > 0 and the shifted projective modules Pj ^ [ 1 ] for £j < 0 give a virtual rep¬ 
resentation P( 7 *) = (/ : P( 7 i) -P( 7 o)) so that, HomA(/, M^) : HomA(P( 7 o), = 

HomA(P( 7 i), M^). This shows that (2) => (1 )a- So, Theorem 13.1.11 holds for finite K. This 
completes the proof of Theorem 13.1.11 for all finite dimensional hereditary algebras over any 
field. 

Remark 3.6.1. When K is any perfect field, A 0^ K is an hereditary algebra over the 
algebraically closed field K and it should be possible to extend the Virtual Stability Theorem 
from [lOTWO^ to A. However, if K is not perfect and Pj = is the division algebra 

at vertex i then the socle of Si K has infinite projective dimension. So, A K is not 
hereditary in that case. That is the reason we did not take this approach. 

4. C-VECTORS AND SEMI-INVARIANTS 

In this section we use the Virtual Stability Theorem for semi-invariants (j3.1.1l) to prove 
two fundamental theorems relating determinantal weights of semi-invariants, cluster tilting 
objects and c-vectors corresponding to a cluster tilting object. Theorem 14.1.51 gives the 
relation between semi-invariants and cluster tilting objects. Theorem 14.3.11 relates the 
semi-invariants of a cluster tilting object to the corresponding c-vectors. (Section 14.21) 
These theorems (|4.1.5l and l4.3.ip are inspired by work of Speyer and Thomas |STj . In type 
A these theorems are re-interpreted in terms of finite and infinite trees in |IOsj . [ITWj . 

4.0. Preview. We illustrates Theorems 14.1.51 and 14.3.11 in an example. 

Remark 4.0.1. Since c-vectors come from cluster theory, we use the well-known language of 
cluster categories |BMRRT] . We recall from Corollary 12. 3. 71 that there is a bijection between 
presentations in Pres (A) and objects of the cluster category C\ so that the presentation 
of any A-module is sent to that module, and the shifted projective P[l] is sent to the 
same shifted projective object. Objects of Pres(A) are Ext-orthogonal if and only if the 
corresponding objects of the cluster category C\ are Ext-orthogonal since: 

Ex 4 (V, V) - Ext(V, V) © P Ext^,,,(A) (V, V) 
where D = HomA'(-, A"). 

Example 4.0.2. The figure below illustrates the relation between cluster tilting objects, 
domains of semi-invariants and c-vectors for the quiver Q = l-<—2-(—3of type A 3 . The 
picture indicates the unit sphere in stereographically projected to with the center 
being the dimension vector of A = Pi © P 2 ® P 3 . The 9 vertices are the (normalized 
dimension vectors of) indecomposable objects of the cluster category C\ labeled as objects 
of Pres{A) = Vrep{A). The 6 lines are P(/3) fl 5^, where /3 are the 6 positive roots, 
dimension vectors of indecomposable modules. There are 14 regions which are spherical 
triangles whose vertices are components of cluster tilting objects. For example, the upper 
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left triangle has vertices Ti = 5i = Pi, T 2 = P 2 [l], Ts = Pall] with walls D{j5i), where 
Pi are given by Theorem 14.1.51 The second theorem of this section, Theorem 14.3.11 shows 
that the c-vectors corresponding to each cluster tilting object 0 Tj are, up to sign, equal to 
the det-weights Pi of the semi-invariants defined on the walls D{Pi) of the conical simplex 
spanned by dim p. For example, in the upper left spherical simplex, the c-vectors are 
Cl = —Pi = —Cl, C 2 = P 2 = ^ 2 , C 3 = P 3 = 63 . The sign of c-vectors is positive on the outside 
of each curve and negative on the inside. 



4.1. Structure of semi-invariant domains. If vi,--- ,Vk are vectors in M"', the conical 
polyhedron spanned by the Vi is the set of all nonnegative linear combinations of the Vi. We 
will denote it by (^(ni, • • • ,Vk)- If the vectors Vi are linearly independent we call the conical 
polyhedron a conical simplex. 

For each real Schur root /3, the domain D{P) of the determinantal semi-invariant with 
det-weight P is equal to the codimension-one conical polyhedron A(/3) in M"' by Proposition 
13.5.21 This is a conical polyhedron since it is the set of nonnegative linear combinations of 
the vectors dim Ej . dim Pj and — dim Pj. 

Remark 4.1.1. (1) We consider objects of Ca as objects in Pres{A) = Vrep{A) following 
Remark 14.0.11 Corollary 12.3.71 and Proposition 12.3.21 and, for X in Pres(A), denote by 
X-^v^ perpendicular categories of X in Pres(A). 

(2) Recall that = X-^'^ n mod-A by Lemma 13.2.21 where M-*- and -^M are HomA- 
Ext\- perpendicular categories of A-module M in mod-A where \M\ = M for modules M 
and |P[1]| = P for shifted projective modules P[l]. 

(3) Let P be a rigid object in Pres (A). Then 

Mp e \R\^ ^ Mpe ^ ^R g D{p). 

This follows from Theorem 12.3.111 the definition of D{P) and (2) above. 

(4) Let V G D(P). Then, by the Virtual Stability Theorem 13.1.11 v lies in the interior of 
D{P) if and only if {v, P') < 0 for all proper real Schur subroots P' C p. 

If To = Ti © • • • ©Tfc is a partial cluster tilting object in Ca, the dimension vectors dim P 
are linearly independent. So they span the conical simplex C( dim Pi. • • • . dim Pi-j which we 
abbreviate by C'(Po). 
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Lemma 4.1.2. Let Tq = Ti © • • • 0 be any partial cluster tilting object. Then 

(a) \Tq\-^ is isomorphic to mod-T where V is an hereditary algebra with n — k simple objects. 

(b) The conical simplex C{Tq) is contained in D{f3) if and only if the single vector dim Tn = 
Y'Ji-i dim Tj lies in D{f3). 

(c) Let Mp be an exceptional module in iTol"*". Then dini Tn lies in the interior of D{P) if 
and only if Mp is a simple object o/|To|-*-. 

Proof, (a) follows from Remark 13.2.41 

(b) If dim Tj G L>(/3) then dim Tn G L)(/3) since D{I3) is convex. Conversely, suppose 
dim To G D{I3). Then, by the Virtual Stability Theorem 13.1.11 there exists an object V G 
Pres{h) with dim V = dim Tn which admits a determinantal semi-invariant of det weight j3. 
Since this is an open conditions, the generic object of this dimension has the same property. 
This is Tq. So, Tq G Mp which implies that each Ti G Mp. So, C'(To) C D{j3). 

(c) Suppose Mp is a simple object of iTol-*-. Suppose that dim Tn does not he in the 
interior of D{/3). Then dim Tn G dD{fj). So, (dim Tn, B') = 0 for some proper real Schur 
subroot (3' C (3. Then, by the Virtual Stability Theorem 13.1.11 dim Tn lies in T(/3') and 
therefore Mg/ is an object of iTol-*- by (b). But Mpi is a subobject of Mp contradicting the 
assumption that Mp is simple in iTol"*". So, dim Tn is in the interior of D{I3). 

Suppose Mp is not simple in |To|-*-. Then Mg contains a simple subobject Mpu G |To|-*-. 
Any such /3" is a real Schur root. So, (dim Tn, 0") = 0, Therefore, dim Tn G D{l3)r\D{l3") C 
dD{l3). So, dim Tn G dD{j3) when Mp is not simple in |Tn|-*-, □ 

Remark 4.1.3. Let - be the simple objects of iTnl"*". Then, the vector 

dim Tn lies in the interior of exactly n — k semi-invariant domains D{ai), • • • , D{an-k)- 

The following proposition will be used in the proof of the c-vector theorem. 

Proposition 4.1.4. Let Tn = Ti ® • • • © T „_2 be a partial cluster tilting object with n — 2 
summands. Let Mp be an exceptional object o/lTnl"*-. Then 

(1) If Mp is a nonsimple exeeptional object o/|Tn|-*- there is, up to isomorphism, only one 
objectT{f3) so thatTQ(PT{f3) is a partial cluster tilting object and dirn Tf/j) G D{I3). 

(2) If Mp is a simple object in iTnl"*- there are two nonisomorphic objects T',T" in the 
cluster category Ca of mod-A so that Tq © T' and Tq © T" are partial cluster tilting 
objects and so that T',T" lie in ^^Mp. 

Proof. In Case (1), by the lemma, the partial cluster tilting object Tn lies on the boundary 
of the polyhedral region D{/3). Therefore, there is at most one way to complete it to a 
cluster tilting object in D{j3). Thus, it suffices to show the existence of a nonzero object 
T(/3) G ^^Mp so that Tn ©T(/3) is a partial cluster tilting object and, in Case (2), we need 
to show that there are two objects T',T", where either T',T" G ^^Mp or T' G '^^Mp and 
T” = ^[1], where P G ^Mp is a projective A-module. 

The existence of T(/3) is straightforward using basic properties of cluster tilting objects. 
Since Tn is an almost complete cluster tilting object in the cluster category of ^^Mp, there 
are two objects T',T" in this cluster category which complete the cluster tilting object. At 
least one of them, say T', is a module in ^'^Mp. Letting T(/3) = T', this proves Case (1). 

Case (2) Mp is simple in iTnl-*-. If both T',T" are modules we are done. So, suppose 
that T” = P[l] for some projective object P G '^Mp. Then we claim that P is projective in 
mod-A making T" = ©"[I] an object of the cluster category of mod-A. 

Suppose that P is the projective cover of the simple object G '^Mp. Then the 
dimension vectors of the objects Ti, • • • ,T „_2 lie on the face of the positive simplex A+(/3) 
opposite the vertex Ek- By Lemma l4.I.2r ch D{f3) contains a small neighborhood of the 
point dim Tn inside the hyperplane Hp. After rescaling, any such neighborhood contains an 
integer point having negative T^-coordinate. By the Virtual Stability Theorem 13. 1.1 1 such a 
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point has the form ^ kj dim Ej + ij dim Pj, where Ei are the simple objects of and 
Pj are the projective objects of which are also projective in mod-A. By construction, 
at least one of these Pj must have Ek in its composition series. But then the projective 
cover P of E^ in is a submodule of Pj which is projective in both and mod-A. 
So, T” = P[l] lies in the cluster category of mod-A as claimed. □ 


Theorem 4.1.5. Let T = Ti 0 ■ ■ ■ © he a cluster tilting object for A. Then: 

(a) The dimension vectors dim E span a conical simplex in R"' whose walls are D(/3i) 
for uniquely determined real Schur roots j3i. 

(b) EndA(M^J = EndcA(7i) for each i. 

(c) The interior of the conical simplex spanned by i dim Tilp_^ does not meet any D{j3). 

(d) The objects Ti can he numbered in such a way that EndcA(2~i) = EndA(5'i) = Fi 
where Si are the simple A-modules. 

(e) Furthermore, (dim Ti, 0j) = dijZjfj, where fj = diuiK Fj = dim^-Endg^(Tj) = fjj. 
with the notation fg = dim^ EndA(Afyg) and = ±1 is the sign of ( dim T-. 0j). 


Proof, (a) Each face of the conical simplex is spanned by dim Tj with one Tj deleted. Then 
\T/Tj\^ has a unique simple object, say, Mj^. and dim T,- € D{l3j) for i ^ j by Remark [4. 1.3 1 

(b) By Schofield (I2.1.2p . the Tj can be renumbered to form an exceptional sequence 
(Ti, • • • , Tn). Eor each j we have another exceptional sequence {Mp. , Ti, • • • ,Tj, - ■ ■ , T„). 
By Proposition 11.3.31 (5), this implies (b). By 11.3.31 (3), this also implies that dim T,- = 
± dim Mg. plus a linear combination of dim T for i ^ j. We need this to prove (e). 

(c) The interior of the conical simplex a cannot lie in any D{a). If it did, then Dz{o() 
would contain a integer point, say v, in the interior of a. But then the general virtual 
representation P ^ Q with dimension vector v would lie in Di{a). However, by the virtual 
canonical decomposition theorem this representation is a direct sum of the representations 
Tj and each Tj occurs. So, dim T € Dj^{a) for all i. This would make Dz{oi) n dimensional 
contradicting the fact that it has codimension one. 

(d) follows from Corollary 11.3.51 

(e) follows from (a) and (b): Since Tj E D{j3j) for i j, we have (dim T. 0j) = 0 for 
i ^ j. And fj = fp- by (b). In the proof of (b) we observed that dim Tj = © dim Mg. plus 
a linear combination of dim Tj for i ^ j. Since ( dim T, 0j) = 0 for all i ^ j, this implies 


(dimTj,/Ij) = ± (/3j,/3j) = ±fp. = ±fj 
We denote the sign by £j. This completes the proof of (e). 


□ 


Using this theorem we can now define the matrices Tt whose columns are equal, by 
definition, to det-weights of semi-invariants up to sign and will be shown to be equal to the 
c-vectors of the cluster tilting object T, up to sign, by Theorem 14.3.11 below. 

Definition 4.1.6. For any cluster tilting object T = ©r=i Tj for A, let E't be the n x n 
integer matrix with columns 7 j = ffj/Ij where /3j are the unique real Schur roots so that 
dim Tj E D{(dj) for i ^ j and Sj = ±1 is the sign of (dim T. di). 

Corollary 4.1.7. Let V be the n x n matrix with columns dim T. Then 

V^ETt = D 

where E is the Euler matrix and D is the diagonal matrix with diagonal entries fi. 


One very important observation about the significance of the sign Sj is the following. 

Proposition 4.1.8. Suppose that = sgn ( dim T, 0k) > 0. Then T is a module and 
there does not exist any epimorphism B ^ T^ where B is a module in add T /T • 
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Proof. If Tfc = P[l] then X) = 0 for any X G Pres{A). So, is a 

module. If (dim Tj.. 0^.) > 0 then HomA(7fc,Ma) / 0. For any epimorphism B ^ we get 
HomA(i?,Ma) 7 ^ 0. This is impossible for B G addT/T^ since T/T^ G D{(3). □ 

Corollary 4.1.9. Suppose that £k = + and let he the mutation of Tk so that T'^ ©T/T^ 
is a cluster tilting object. Then Extp^g^(^)(r^, Tfc) / 0 and Extp^g^(^)(rfc, T^) = 0. 

Proof. It is well-known |BMRRT] that one of these two extension groups is zero and the 
other is nonzero. So, suppose that Extpj,g^(^j(Tfc,T^) / 0. If TkjTj. are both modules, 
there would be a short exact sequence 0 —t-T^— 7 >R—where B G addT/Tk. 
This is not possible by the Proposition. So, either or is a shifted projective. But 
Extpres(A)(2fc, P[l]) = 0. So, we must have Tk = P[l]. Then {Tk,/3k) < 0 contradicting the 
assumption that £k > 0. □ 


4.2. Definition of c-vectors. An n x n integer matrix B is called skew symmetrizable if 
there is a diagonal matrix D with positive integer diagonal entries so that DB is skew- 

le symmetrizer of B. An extended exchange matrix is defined to 

^ whose top half B is skew-symmetrizable. 


symmetric. D is called t 
be a 2n X n matrix B = 


Definition 4.2.1. |FZn7| For any extended exchange matrix B = [bij) and any 1 < A: < n, 
the mutation HkB of B in the k-direction is defined to be the matrix B' = ( 6 T) defined by 


(4.2.1) 




bij 

bij + bik\hkj 


i = k ox j = k 
If bikbkj P b 
otherwise 


For any hnite sequence of positive integers ki,k 2 , - ■ ■ ,kr<nwe have the iterated mutation 
fJ-kr---hkiB of B. 

Definition 4.2.2. |FZ07] Let Bq be a hxed skew-symmetrizable matrix which we call the 

I Bo] 


initial exchange matrix. Then Bq = 


is called the initial extended exchange matrix. 


Be 
C 
sue! 

matrices C are called the c-vectors of Bq. The matrices C are called the c-matrices of Bq. 


Consider the set of all n x n matrices C which appear at the bottom of matrices Be = 
given by iterated mutation of the initial extended exchange matrix. The columns of al 


We recall that a vector v is called sign coherent if its nonzero coordinates have the same 
sign. We write u > 0 if this sign is positive and u 7 ^ 0. We will use a theorem of Nakanishi 
and Zelevinsky which can be phrased as follows. 


Theorem 4.2.3. [NZ] Let Bq be a skew-symmetrizable matrix with symmetrizer D and let 
X be a set of n x n integer matrices C with the following properties. 

(1) /n G T 

(2) For any C G A, the columns of C are sign coherent and nonzero. 

(3) For any C € X, the matrix Be := D~^C^DBqC has integer entries bij. 

(4) Let C £ X and 1 < k < n, then X contains the matrix C = pLkC with columns Pj 
given as follows, where bkj are entries of Be. 


-Ck 

< Cj © I bkj I Ck 


(5) X is minimal with the above properties. 
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iff = k 
if hjCk > 0 
otherwise 

















Then X is the set of c-matrices of Bq and the columns of C ^ X are the c-vectors of Bq. 


To specify the c-vectors corresponding to a cluster tilting object, we need to choose an 
initial cluster tilting object. Let Bq = Lf — R, where L, R are the left and right Euler 
matrices (Section ll.ll i. Then i?o is an n x n skew-symmetrizable matrix since DBq = 
— E is skew-symmetric, where E is the Euler matrix. We will use Bq as the initial 

exchange matrix and Bq = as the initial extended exchange matrix. The following 

■^n 

easy observation will be useful. 

Lemma 4.2.4. For any two vectors x,y a 

4.3. c-vector theorem. 


we have {y,x) — {x,y) = x^DBQy. 


Theorem 4.3.1 (c-vector theorem). Let K he any finite dimensional hereditary algebra over 
any field. Let C\ he the cluster category of A. Let the initial cluster tilting object in C\ he 
A[l] = 0”=iT’i[l]- Then the c-vectors associated to the cluster tilting object T = 0”^]^ Tj 
are Ci = —eifii where f3i are the associated det-weights and each Si is the sign of ( dim T, (3i). 

The plan for the proof of this theorem is as follows. Let X denote the set of matrices 

T := {-Tt = -[71,- • • ,7n] |7i = 

where Si is the sign of ( dim T,-. /3j). We will show that X satisfies the conditions of Theorem 
14.2.31 Ifll. (2) are Lemma 14.3.21 (3) is Lemma [4.3.31 (4) is Proposition 14.3.41 and (5) follows 
from the fact that mutation acts transitively on the set of cluster tilting objects [Hu| 1. 
Therefore, by Theorem 14.2.31 X is equal to the set of all c-matrices of the initial exchange 
matrix Bq = L^ — R. 


Lemma 4.3.2. (1) X contains the identity matrix In- 
(2) The columns of X are sign coherent. 

Proof. (1) For T = A[l], Ty^p] = —In- This follows from Definition 14.1.61 since Si G Pl for 
i ^ j which implies that — dim Pj G D{ei) where Cj = dim Si is the i-th unit vector and 
(dimPj[l], Cj) = —1. Therefore In G X. 

( 2 ) Since the columns 7 * of T-r are, up to sign, dimension vectors of indecomposable 
modules M/^., they are sign coherent. □ 

Lemma 4.3.3. Let T = Ti© - • -(BTn he a cluster tilting object and Tt the associated matrix 
with columns 7 ^ = ej/3j. Then the matrix By = B-y = D~^T^DBqT has integer entries. 
Hence X satisfies Condition (3) in Theorem \4. 2.3 . 

Proof. By Lemma [4.2.41 the entries of By are bij = /j~^(( 7 j, 7 i) — The columns 

7 i of Tt are, up to sign, dimension vectors of exceptional modules and EndA(MpJ = 
EndcA(Tj) = Fi. Also, fi = dim^'T). Therefore, bij are integers by Proposition 11.2.31 □ 

We need to show that the set X satisfies condition (4) in Theorem 14.2.31 which is the 
following proposition whose proof will occupy the rest of this section. 


Proposition 4.3.4. Under the mutation /x^. ofT, the matrix Tj’ changes to T^ with columns 
7' given as follows where bij are the entries of By. 


7,' = 


-Ik 

Ij + \bkj\lk 

I7x 


if j = k 
if hjlk < 0 
otherwise 


The inequality h^j'^k < 0 is reversed from Theorem 14.2.31 41 since 7 j, 7 fc will turn out to 
be negative c-vectors. We will prove Proposition 14.3.41 hrst in the special case when n = 2. 
We will then show that the general case follows from the special case. 
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4.4. Consecutive roots. In order to set up the reduction to the rank 2 case, we need to 
rephrase Proposition 14.3.4] in terms of the “consecutive roots” — 7 j, 7 fc, 7 j- 

Definition 4.4.1. Let Tq € Pres(A) be a partial cluster tilting object with n—2 summands. 
Define <Sa(To) to be the set of all ordered pairs ( 7 , t/) where 

(1) [/ is an exceptional object of Pres(A) so that Tq © [/ is rigid. 

(2) 7 = ±/3 where Mp is the unique exceptional module in \Tq © U\-^. 

Remark 4.4.2. Note that, by Proposition 14.1.41 U is uniquely determined by 7 except 
when is a simple object of iTol"*- in which case there are exactly two possibilities for U. 

Proposition 4.4.3. For each ( 7 ,!/) G Sa{To), there is a unique ( 7 ',!/') G <SA(ro) so that 

51. Tq (B U (B U' is a cluster tilting object in Pres{A). 

52. (dim 17 , 7 ') > 0. 

53. (dim U', 7 ) < 0. 

Proof. There are two objects U', U" so that To©(7®t/', TqBU(BV are cluster tilting objects. 
These objects must lie on opposite sides of the hyperplane H.y = {x G | (^, 7 ) = 0}. 
Therefore, up to reordering, we have: (dim?/', 7 ) < 0, (dim?/", 7 ) > 0. So, U' is uniquely 

determined by 51 and 53. 

Let Mp/ be the unique exceptional object in \Tq ® U'\-^. Then (/3', U'), (—/3', U') are the 
elements of 5 a(T o) with second entry U'. Let 7 ' = sen ( dim U. 0') j3' . Then ( 7 ',?/') is the 
unique pair satisfying 51,52,53. □ 

Definition 4.4.4. Let p( 7 , U) denote the unique pair ( 7 ', U') given by Proposition 14.4.31 
A sequence of pairs ( 71 , ?7i), ( 72 , U 2 ), ( 73 , t/ 3 ), • • • G 5a (Tq) will be called consecutive pairs 
if p{'yi,Ui) = ( 7 i+i, ?7j+i). And 71 , 72 , 73 ,-'• will be called consecutive roots if there exist 
{Ui] so that {( 71 , Ui)} is a sequence of consecutive pairs. 


Corollary 4.4.5. p : 5a(To) — 5a(To) is a bijection. 

Proof. If p{'y, U) = ( 7 ', U') then one sees easily that /9(— 7 ', U') = (— 7 , U). So, s o p o s is 
the inverse of p where 5 ( 7 , U) = (— 7 , U). □ 


Lemma 4.4.6. Suppose that T = To®rj©Tfc and T' = = To©Tj©T^. Let^j = 

Ik = be the jth and kth ■y-vectors ofT. Let 7 ' = e'/ 3 ', 7 (, = be the corresponding 
7 vectors of T'. Then 7 ^, = — 7 ^ and (— 7 j,T^.), ( 7 ^, Tj), ( 7 ', T^) are consecutive pairs in 
5a(To). In particular, —yj,yk-,l'j o,re consecutive roots. 


Proof. By definition of Sj,ek we have (dim Ti-, 71 .) > 0 and (diniTj, 7 j) > 0. Therefore, 
/?(— 7j,Tfc) = {yk,Tj). For T', /?(, is by definition the unique positive root so that Tq © Tj G 
So, we must have /?(, = The signs £k-,£'k ™ust be opposite since Tfc,T^ must lie 
on opposite sides of the set D{j3k). (If they were on the same side, the cones spanned by T 
and T' would overlap.) So, 7 ^ = - 7 ^,. Then, p{yk,Tj) = p{-y'^,Tj) = UpTl). □ 


Lemma 4.4.7. Proposition \4. 3. 4\ follows from the following equation for all triples of con¬ 
secutive roots: 7 , 7 ', 7 ".- 


—7 + I 6 I 7 ' if by' < 0 
—7 otherwise 


where b = /yH(7',7) “ ( 7 , 7 ')) fy = dimA-EndA(M|y|). 


Proof. Suppose that the formula above for 7 " holds for all triples of consecutive roots. Then 
it holds in the particular case 7 = —yj, 7 ' = yk and 7 " = y'j. Substituting these values 
of 7 , 7 ', 7 " transforms the given equation into the formula for 7 ' given in Proposition 14.3.41 
except for the missing statement 7 ^, = —yk which was shown in Lemma 14.4.61 above. □ 
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4.5. Proof of Proposition 14.3.41 in rank 2 case. The results of this section are well- 
known. We include them for clarity. Let Lf be a finite dimensional hereditary algebra of 
rank 2. Then H will be Morita equivalent to the tensor algebra of a modulated quiver. (See 
Appendix A.) So, we assume that 


Pi 0 

M F2 


where Pi, P 2 are division algebras over K and M is an P 2 -Pi-bimodule. A (right) P-module 
can be viewed as a representation V = (Li, V 2 , f '■ V 2 ®F 2 ^ Vi) of the modulated quiver 


M 


Pi ^— F 2 . 


Recall that dim V = (dimj^^ Vi, dimi?2 V2) and /* = dim/^ Fi. Let di = dimi?. M. Then 

diiRK M = m = fidi = /2d2- 

The projective iL-modules are = (Pi, 0,0) and P^ = {M,F 2 ,id : P 2 (g) M —>• M). The 
injective P-modules are given by a dual construction I 2 = (0,P2,0), = {Fi, M* ,ev) 

where M* = Homi?j(M, Pi) and ev : M* (g) M ^ Pi is the evaluation map. The simple H 
modules are ,1^ ■ These have dimension vectors 

(4.5.1) dhnP/^ = (1,0), dimP^ = (di, 1), dim = (1. d?), dim = (0,1) 

It is well-known that H has finite type, i.e., has only hnitely many exceptional representa¬ 
tions up to isomorphism, if and only if did 2 < 3. These are the quivers Ai x Ai, A 2 , P 2 , G' 2 - 
We let s denote the number of indecomposable modules. So, s = 2, 3,4, 6 or 00 . 

All exceptional P-modules are either preprojective or preinjective. We denote the pre- 
projective modules Yi and the preinjective modules Zj keeping in mind that Zj = Ys-j+i 
in the finite case. The preprojective and preinjective component(s) of the Auslander-Reiten 
quiver of H is given by: 


P2 = 

pi^ P 4 


P 3 

Pi 


\ / \ ■ 

■■ \ 

/\ 


Cb 

II 

P 3 


Z 4 Z 2 



The arrows denote irreducible maps Yi —>■ Pj+i and Zj —>■ Zj^i. The Auslander-Reiten 
translation th acts by “shifting two spaces to the left” and we have P-almost split sequences 
(subscripts of d should be taken modulo 2). 

Yi^Yf;\^ ^Yi+2, Zj+2^Z^i,^Zj 
So, the dimension vectors of Yi, Zj are given recursively using (I4.5.ip by 

(4.5.2) dim K; = d,_i dim lj._i — dim K_2 i>3 


(4.5.3) dim Zj = dj dimZj_i — dimZj _2 j > 3. 

The Auslander-Reiten quiver of the cluster category Ch of H [BMRRT] has two more 
exceptional objects, Ti[l] = Pi^[l] and L 2 [l] = which come between Zi and Li: 

^3 >2[1] I2 


Z 2 yi[l] w Pa 

This is called the transjective component of the Auslander-Reiten quiver of Ch- 

Proposition 4.5.1. The cluster tilting objects ofCn are sums of pairs of consecutive objeets 
in the above quiver: Zj+i © Z*, Zi © Pl[1], Pi)!] © P 2 [l], P 2 [l] © Pi, Pi © Pi-i-i- 
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Lemma 4.5.2. For 1 < i < s, -^Yi = addYi^i and = addZi. For the simple objects 

Yi,Zi, = add{Y 2 © Y 2 [l]) and = addiYi © yi[l]). 

Proposition 4.5.3. (a) The elements of Sh{ 0) are (± dim Zj+i, Zj), (± dim ly.. K-i-i) for 
i,j >1 and the 6 pairs (± dim Yi, l 2 [l]); (±dimZi,yi) and (idimZi, li[l]). 

(b) The action of p on these pairs is given by the following list and by the reverse of the 
list (given by changing the sign of the first entries and reversing the order). 

(1) /o(dimZj+ 2 , Zj+i) = (dimZj+i, Zj) for j = !,■■■ ,s-2. 

(2) p(dimZ2,^i) = (dimZi,yi[l]) 

(3) /o(dimZi,yi[l]) = (-dimyi,y 2 [l]) 

(4) p(-dimyi,y 2 [i]) = (-dimZi,yi) 

(5) p(-dimZi,yi) = (dimyi,y 2 ) 

(6) p{Y}xaYi,Yi+i) = (dimy+i, y+ 2 ) fori = l,--- ,s -2. 

Proof, (a) By Remark 14. 4. 21 7 uniquely determines U in the pair ( 7 , U) when M^.y^ is 
not a simple object. By definition U € So, U must be the object after in 

the Auslander-Reiten quiver of H. This gives the pairs (it dim Zj, Zj-i), (± dimly, l^+i). 
When 7 is a simple root, U = P or P[l] where P is the projective which does not map to 
M|.^|. This gives (± dim y . Y 2 ) and the remaining 6 pairs. 

(b) The computation of p('y, U) in (1),(2),(3) and (6) are examples of the general formula: 
/of dim thX, W) = ( dim W, X) which holds in rank 2. (4) and (5) follow from (3) by change 
of sign. □ 

Proof of Proposition \4.3.^ in rank 2. By Proposition 14.5.31 there are two sequences of con¬ 
secutive roots in 5/y(0): 

• • • ,dimZ 3 , dimy 2 jdmi-Z^i, — dimyi, — dim Z^ . dim Y^ . dim y 2 . dim Y?.. ■ ■ ■ 

• • • , — dim Ti, — dim Y2. — dim Ti, dim Zi, dim Ti, — dim Zi, — dim Z2. — dimZs, • • • 

We consider only the first. The second is similar. The calculations are summarized in the 


following chart. 

7 7 ' 

7 " 

fy 

{i,i) 

( 7 , 7 ') 

b 

sgn(b'y') 

formula for 7 " 

dim Zs 

dim Z2 

dimZi 

fi 

0 

m 

-di 

— 

d^ dim Z2 — dim Zs 

dim Z2 

dim Z^ 

— dim y 

f 2 

0 

m 

-d 2 

— 

d2 dim Zi — dim Z9 

dim Z^ 

— dim y 

— dim Z^ 

fl 

0 

m 

-di 

+ 

— dim Zi 

— dim y 

— dim Z^ 

dimy 

/2 

0 

m 

-d 2 

+ 

dimy 

— dim Z^ 

dimy 

dimy 

fl 

—m 

0 

-di 

— 

d^ dim y + dim Z^ 

dimy 

dirnTj 

dimy< 

/2 

0 

m 

-d 2 

— 

d2 dim Y2 — dim Y^ 


That 'y'' agrees with the formula from Lemma f4.4.7l follows from the formulas (j4.5.1D . (14. 5. 2D . 
(j4.5.3p . So, Proposition 14.3.41 holds in the case n = 2 by Lemma (4.4.71 □ 


4.6. Proof of Proposition 14.3.41 in general case. Let Tq be a partial cluster tilting 
object for A with n — 2 summands. Let Li,L 2 be the indecomposable injective objects 
of the rank 2 hereditary abelian subcategory iTol"*" of mod-A. Let H = EndA(L)'’^ where 
L = L\ © L2. 

Proposition 4.6.1. The functor F = HomA(-,-^) ■ mod-A mod-H induces an isomor¬ 
phism of categories iTol"*" — mod-H. 

The functor F does not have the properties that we need on objects outside the subcat¬ 
egory iTol"*"- So, we will replace it with a mapping p which, unfortunately, is defined only 
on objects. We now set up the notation for this mapping. 

Let T_|_ be the set of all dimension vectors of exceptional objects in iTol"*"; let T = 
T-i. U —and let V C M"' be the two dimensional subspace spanned by T. Then every 
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vector G y is given uniquely as u = x\ai + X 20 i 2 where xi,X 2 G M and Q;i,a 2 € '!'+ are 
the dimension vectors of the simple objects of |To|-*- corresponding to Li,L 2 . 

Remark 4.6.2. (a) The Euler-Ringel pairing on is given by: 

((xi, X 2 ), {yi,y2))H = (^i“i + ^202, yiai + ^ 202 ) 

(b) The linear isomorphism vr : 1/ —R^ given by 7 r(xiai + X 2 a 2 ) = {xi,X 2 ) is also an 
isometry, i.e., {v,w) = {7r{v),7r{w))jj for all v,w GV. 

(c) Furthermore, 7 r('h_|_) is the set of all dimension vectors of exceptional R-modules. 

(d) Let Xi = dim L,- and/j =dimx EndA(= dimi^ HomA(, Lj). Then {ui, Xj) = fj6ij. 

Let 0 : —?■ E be the linear mapping given by 

^{x) = /r^ (a;, Ai) ai. 

i=l,2 

Lemma 4.6.3. (a) 9 is a projection, i.e., 9{v) = v for all v gV . 

(b) {6{x),j5) = (x,/3) for all x G R", /3 G 4'. 

(c) {tt6{x),tt{/ 3))jj = {x,l3) for all x G R", /3 G 'h. 

(d) 0 (^ro) = 0 . 

Proof, (a) follows from the observation that 9{ai) = a*, (b) follows from the calculation: 
{6{x),Xj) = {x,Xj) and the fact that Ai,A 2 span V. (c) follows from (b) and the fact that 
TT : E —)■ R^ is an isometry, (d) follows from the fact that Li G \Tq\-^. □ 

Suppose that /3 G 7 r 4 '_|_ C 7?. Then the hyperplane {x G R^ | (x,l3'jj^ = 0} is a line 
through the origin in R^. And Dh{I3) is a closed subset of this line given by: 

L>h{/3) = {x G R^ I (^x,/3)jj. = 0 and < 0 for all fj’ G1 /?}. 

Lemma 4.6.4. (a) For any f3 G T+j t:9(D\(I3)) C L)j:^( 7 r(/ 3 )). 

(b) If Tr6{x) G Dh{tt{I3)), x G R"’, then dim Tn + <5x G D\{(3) for sufficiently small 6 > 0. 

Proof, (a) Suppose x G D\{P). Then {'k9{x),'k{(5))^ = (x,/3) = 0 and {'k6{x),'k{I3'))^ = 
{x,fi') < 0 for all /3' C /? in So, tt9{x) G 

(b) Suppose that it9{x) G Dh{it{/3)). Then, for any 5 > 0 we have: 

(dim Tn + 5x, /3) = (7r6*f dim Tn + 6x),7t{I3)) = S ( 7 r 0 (x), 7 r(/ 3 )) = 0 

For any subroot C /3 with /3' G 4'+ we have: 

( dim Tn + 6x, /3') = (tt^( dim Tn + Sx),7r(/3'))j^ = 6 ( 7 r 0 (x), 7 r(/ 3 ')) < 0 

For any subroot /3" C (3 with /3" ^ 4'+ we have (dim Tn. 0”) < 0. (If (dim Tn. 0”) = 0 then 
dim Tn G D{f3") which implies that /?" G 4'+ by Lemma l4.1.2r bLl So, (dim Tn. 0") < —1 
and 

( dim Tn + dx, j3") = ( dim Tn. /3") + d (x, /3") < \ 
for sufficiently small 5. Therefore, dim Tn + 6x G D{/3) for all sufficiently small d > 0. □ 

We need the following criterion equivalent to 51 from Proposition 14.4.31 

Lemma 4.6.5. Suppose that U, U' are exceptional objeets of Pres{A) so that Tq(BU,Tq(BU' 
are rigid. Then Tq (B U (B U' is a cluster tilting objeets of A if and only if SI' holds: 

51'; Va, h,c G R>o, V/? G 4)+(A), a dim Tn + 6 dim (7 + c dim U' ^ D\{/3). 

Proof. The necessity of 51' was shown in Corollary 12.4.51 

To show sufficiency, suppose Tq © (7 © (7' is not a cluster tilting object. Let E, E' be the 
two objects making T = Tq ® (7 © E and T' = Tq © (7 © E' into cluster tilting objects in 
Pres[A). Then dim (Tn © U) lies in the interior of C'(T) U C{T') where C{T) is the conical 
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simplex spanned by {dimTj}, the components of T. Since U' ^ V, V', by the virtual generic 
decomposition theorem 12. 3. lll it follows that U' ^ C{T) UC'(T'). So, the straight line from 
dim lTn 0 U) to dim U' goes through the boundary of C{T) U C(T'). But, 

diC{T) U C{T')) c dC{T) U dC{T') 

is a union of domains D{a). So, there exist a, 6 > 0 so that 

g fdim Tn 0 dim U) + b dim U' € D{a) 

for some a contradicting lSl^ □ 

Proposition 4.6.6. Let (7,17) € <Sa(To). Then 

(a) There is a unique object r]{U) € Pres{H) so that dim r?(17) = Tr^ fdim U). 

(b) {7r{'y), r]{U)) G SniO). 

(c) If p{'y,U) = ( 7 ', 17') then pH{T^{l),r]{U)) = {7r{j'), r]{U')). 

Proof, (a) Let I 7 I = /? G 4'+. Since dim 17 G Dx{j3), we have, by Lemma fd.G.dl that 
TT^l dim U) G Dh{t^{I3)). Let be the object which comes right after in the 

Auslander-Reiten quiver of H except in the case when is the simple injective ob¬ 

ject in which case we let be the simple projective object. Then a is the unique positive 
root of H in i 7 j|/( 7 r(/ 3 )). Since a, Tr^f dim U) G T? are collinear and the coordinates of a are 
relatively prime, 7 r 0 (diml 7 ) must be an integer multiple of a. But /^(y, U) = ( 7 ', 17') implies 
that (dim 17, 7 ') > 0. And (dim 17, 7 ') = ±/y by Theorem Id.l.Sl el. So, by Lemma Id.G.Sl cl 
this implies 

( 7 r 6 »(diml 7 ), 7 r( 7 '))^ = (dim 17, 7 ') = /y. 

But H is also an integer multiple of /y. So, Tr^ fdim U) = Pa. If Trf dim U) = —a G 

Dni'^ill)) then Ma must be projective in mod-H and 7 r 0 (diml 7 ) = dim M^W]. Otherwise, 
TT^l dim U) = dim Mn. So, either r/(17) = M^)!] or r/(17) = is the unique object in 
Pres{H) with dim ?7(17) = 7 r 0 (dim U) G Dh{t^{I3i)). 

(b) Since dim 77(17) = 7 r 0 (diml 7 ) G Dh{'k{I 3)), {Tr{l3),r]{U)) G SniO) which implies 
{TT{'y),r]{U)) G 57 ^( 0 ) since 7 = ±/3 and, therefore, 77 ( 7 ) = ± 7 r(/ 3 ). 

(c) To show that ( 77 ( 7 ), 7/(17)) = ( 77 ( 7 '), 7/(17')) we will verify <S2,53,<S1' from Propo¬ 
sition |TT3] and Lemma 14.6.51 

<S2. (dim7/(17), 77 ( 7 '))^ = ( 7 r 0 (dlml 7 ), 77 ( 7 '))^^ = (dim 17, 7 ') > 0. 

53. (dim7/(17'), 77 ( 7 ))^ = ( 7 r 0 (diml 7 '), 77 ( 7 ))^^ = (dim 17', 7 ) < 0. 

51'. Suppose not. Then there exist a,b > 0 and a G T+ so that a dim r?(17) + 
6 dim 77 ( 17 ') G Dh{t^{oi)). By Lemma 14.6.41 this implies, for sufficiently small 5 > 0, that 

dim Pn 0 dfa dim lL 0 6 dim 17') G Dj^{a). 

By Corollary 12.4.51 this is not possible since Tq © 17 0 17' is a cluster tilting object. □ 

Remark 4.6.7. The mapping 7 / is not a functor. However, it has very nice properties. The 
mapping 7 / gives a bijection between the set of all objects U which are Ext-orthogonal to 
Tq and the set of all exceptional objects in Pres{H). The fact that 7 / is surjection onto this 
set follows from Proposition l4.6.CT c) and the fact that Pres{H) has only two orbits of the 
action of p. To show that 7 / is 1-1, suppose 7/(17) = 7/(17'). Then dim7/(17) = dim7/(17') lie in 
the same Dh{t^{(I)). This implies dim 17. dim U' he in D{f3) which implies /3 is simple and 
dim7/(17) = — dim7/(17'), a contradiction. For more details, see [TtT^ 

Proof of Proposition \4-3..f\ in general. Suppose that ( 7 ,17), ( 7 ', 17'), ( 7 ", 17") are consecutive 
pairs in 5a(Tq). Then, by Proposition 14.6.61 vr ( 7 ), 77 ( 7 '), 77 ( 7 ") are consecutive roots for the 
rank 2 hereditary algebra H. Therefore, by the calculation in the last subsection, the 
formula in Lemma 14.4.71 holds for 77 ( 7 ), 77 ( 7 '), 77 ( 7 "). 

But TT is an isometry. So, the formula also holds for 7 , 7 ', 7 ". By Lemma 14.4.71 this 
implies Proposition 14.3.41 □ 
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We can now prove the c-vector theorem. 


Proof of Theorem \4.S.1\ The statement is that the c-vectors of a cluster tilting object T are 


— 7 j. This holds for the initial cluster tilting object A[l] by definition. It is well-known that 
cluster mutation acts transitively on the set of cluster tilting objects. (See |Hu] .l Therefore, 
it suffices to show that the equation Cj = — 7 * remains true under mutation. But this is 
what was shown in Proposition 14.3.41 with the aid of Theorem 14.2.31 □ 


4.7. Example. Figure [T] illustrates several concepts discussed in the paper. Take the mod¬ 
ulated quiver 

Fi = C i?2 = M F3 = R 

The tensor algebra of this quiver is of finite type with 9 indecomposable objects: 

P 3 - 52-^3 


P2 -X- 



Pi-y-Z2 


Consider L, the intersection with the unit sphere C R^ with the union (J of nine 
semi-invariant domains. Figured] shows the stereographic projection of L onto the plane. 



Figure 1. The three circles are domains of semi-invariants with simple det- 
weights. Other det-weights are dimension vectors of other representations. 

For example, edges 61 , 62,63 are domains of (0,1,1), (1,2, 2), (1,1,1). The 
four dark vertices Si, Z 2 ,Y, Pi[l] indicate the objects with endomorphism 
ring C. The semi-invariant domains P(l, 0,0), P(l, 2,0) and 62 = P(l, 2 , 2 ) 
which correspond to Si,Y,Z 2 by Proposition 14.7.11 are also darkened. 

In reading Figured) the following easy observation is helpful. 

Proposition 4.7.1. Let T = ^Ti be a cluster tilting object with associated matrix Fr = 
(7i). Suppose that jk = h is positive and all other columns ofTx are negative. Then 
dim Pi- = (dk- In other words, when the following triangle appears in a picture, T 2 = 
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D{/32) 


Ti Ts 

T2 


Proof. As we say in the proof of the c-vector theorem, rank 2 case, for any j ^ k, the 
modules M^. and are consecutive objects in the Auslander-Reiten quiver of the rank 
2 perpendicular category iTol-*- where Tq = Therefore, ( 7 fc, 7 j) = 0 for all j ^ k. 

We also have ( dim Tjj.. o'j) = 0 for all j ^ k. Since T^ is an invertible matrix (by Corollary 
I4.1.7[l . this implies that dim Tt- is a scalar multiple of 7 ^. So, dimTfc = f3k- Cl 

Example 4.7.2. Examples of Proposition [T.7.11 in Figure [TJ 

(1) dim Zi = (0,1,1) and ei = D{0, 1,1) 

( 2 ) dim Zy = ( 1 , 2 , 2 ) and 62 = P(l, 2, 2) which extends from ^3 to S 2 

(3) dimPa = (1,1,1) and 63 = D(l, 1,1) which extends from S '3 throught Z 2 ,X to Y. 

(4) dim A = (1, 2,1) and D(l, 2,1) is the edge connecting Z 2 and 5 ' 2 . 

Figure [U also illustrates the following concepts used in the paper. For /3 = (1,1,1), the 
simple objects of the category are S 3 and V with dimension vectors ai = (0,0,1) and 
02 = (0,2,1). These form the corners (endpoints in this dimension) of the convex region 
D{I3). The other roots in this region are positive integer linear combinations: dim Z 2 = 
2 ai + 02 and dim A = ai + 02 - 

4.8. Applications. In concurrently written papers we use the results of this paper to: 

(1) Develop the theory of signed exceptional sequences and show they are in bijection 
with ordered cluster tilting objects |IT16] . We have seen a special case: 5 a(Tq) is 
the set of all signed exceptional sequences for iTol"*"- 

(2) Develop the theory of semi-invariant picture groups and compute their cohomology 
in type A„ |IOTW4j . 

(3) Show that, for acyclic modulated quivers of finite type, the maximal green sequences 
are in bijection with the positive expressions for the Coxeter element in the picture 
group urn]. 

(4) For any acyclic modulated quiver with a bimodule Mjj : f —>■ j of infinite type, show 
that any maximal green sequence mutates at j before i |BHIT] . 

Finally, we point out that Theorem 14. 3. II implies the sign coherence of c-vectors (that in 
each c-vector the coordinates have the same sign) a theorem which has been proven many 
times and in fact the present version of this paper grew out of a desire to understand the 
proof given by Speyer-Thomas |STj . Proposition 12.2.51 gives the conceptual proof of this 
fact. Namely, semi-invariants defined on presentation spaces are necessarily sign coherent. 

In future work, we plan to extend the results of this paper to modulated quivers with 
oriented cycles. 


5. Appendix A: Associated modulated quiver 

In this appendix we discuss the problem of when a finite dimensional hereditary algebra 
over a field K is Morita equivalent to the tensor algebra of its associated modulated quiver. 

Theorem 5.0.1. A is Morita equivalent to T{Q,A4) if and only if, for each arrow i —>■ j, 
the Fi-Fj-bimodule epimorphism 

(5.0.1) RomA{Pj,rPi) Mij = Rom a{P j, rPi/r"^Pi) 

has a seetion. (Reeall that Fi = EndA(Ei) J 
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Proof. This condition is necessary since it holds on the category of representations of 
T{Q, A4). Conversely, suppose the condition holds on mod-A. Choose a section aij : 
Alij —>■ HomA(T’j,rPj) of (15.0. ip for every i ^ j in Qi. For every A-module X, let 
Xi = HomAPTj,^). This is a right Fi-module. For each arrow i ^ j in Qi, define the 
morphism Xi (8>i?. Mij —)■ Xj to be the composition: 

Xi0F^Mij ^ - A HomA(rPi,rX)(8)i7’.HomA(T’j,rPi) A HomA(Pj,rX) HomA(Pj,X) = Xj 

where r : HomA(Pi, ^ HomA(rPi, rX) is the restriction map and c is composition. Since 
each morphism in this sequence is natural in X, this defines a functor 

ip : mod-A Rep{Q,A4) 

which is clearly exact and faithful since it takes nonzero objects to nonzero objects. 

We claim that pPi is the projective cover Pf of Si in Rep{Q,Xi). This follows by 
induction on the length of Pi and the fact that the structure maps c(r (g) aij) : Mij —>■ 

HomA(P;', rPj) of pPi are, together, adjoint to the isomorphism 0^- Mij Pj = rPi. 

Thus, HomA(Pi,^) = Xi = }lonirp(^Qj^^{Pf,ipX) and it follows that p is an equivalence 
between the full subcategories of projective objects of mod-A and Rep{Q, A4). Being exact, 
p extends to an equivalence of the module categories. □ 

Example 5.0.2. Let L = F 2 (t) with subfields K = F 2 (f^) C F = F 2 (f^) C L. We have a 
short exact sequence of L-bimodules: 

(5.0.2) 0 —y L iS>F L L L ^ L L —>-0 

where j sends 1 (g) 1 to (g) 1 + 1 (g) and p takes 1 (g) 1 to 1 ® 1. This sequence does not 

split since L L is indecomposable as an L-bimodule. This follows from the L-algebra 
isomorphism p : L[X\/ {X^) — >■ L L given by p{X) = fig)l + l(g)f where we consider 
L L as an L-algebra using L (g) 1. 

Let A be the tensor algebra of the modulated quiver 



L 


F 

y y 

y l<s>k^ 


L 


modulo the relation that the composition L^pL of the top two arrows is identified with the 
image of j in L 0 k L. Then A is hereditary since the radical of each projective module is 
projective, e.g., rPi = P 20 P 3 . However, the bimodule morphism M 13 = HomA(P 3 , rPi) ^ 
Mi 3 is not split because it is equal to the map p in (j5.0.2p . By Theorem 15.0.11 A is not 
Morita equivalent to the tensor algebra of its associated modulated quiver. 


6 . Appendix B: Reduced norm 

This appendix reviews the definition and properties of the reduced norm [J] and uses 
them to compare the determinantal weight with the “true weight” of a semi-invariant on 
presentation spaces as claimed in Remark 12.4.31 We assume that K is an inhnite held. 

6.1. Definitions. For A a hnite dimensional algebra over K, the general element of A is 

a(|) = ^ iiUi € A ®K K{f) 

where ui, • • • , is a vector space basis for A over K and .^ 1 , • • • , are a transcendence 
basis for iL(^) = iL(^i, Let 

^a(^)(^) = ^ + ''' + Cm(|) G Ar(^)[A] 
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be the minimal polynomial of a(^) over K{^). The degree m of is called the degree 

of A over K. We call it the reduced degree in cases where the word “degree” is already 
defined as in the case of field extensions. 

It is easy to see that the reduced degree of a finite separable extension of K is equal to 
its vector space dimension over K (the usual notion of degree). However, this is not true 
in general for inseparable extensions and division algebras. 

If iA is a finite dimensional division algebra over its center C then dime D = d? where d 
is the degree of D over C. Furthermore, there is an open dense subset of D consisting of all 
elements b G D so that C(b) is a separable field extension of C of degree d. Each of these 
is called a maximal separable subfield of D. 

Example 6.1.1. Let H = El and K = M. The minimal polynomial of the general element 
a = t + xi + yj + zk ^ M is ma{X) = — 2t\ + + x"^ + . So, H has degree 2 over 

M. For any 6 € BI which is not in M, ]R(6) = C is a maximal (separable) subfield of H. 

Lemma 6.1.2. [J] ^^(^^(A) is a polynomial in ■■ ■ ,^n,X and Cj{^) & K[^] is a homoge¬ 
neous polynomial of degree j in the variables f,i. 

The reduced characteristic polynomial of 6 G H is the specialization of ma(^){X) given by 

m 

mf,(A) = ^q(6 i,--- ,hn)X^-^ & K[X] 

i=0 

where b = hui, bi € K and cq = 1. We will use the notation efib) = cfibi, - ■ ■ ,bn)- 

Proposition 6.1.3. [J] 

(0) mb{X) depends only on b ^ A. (The coefficients efib) are independent of the choice 
of basis ui, - ■ ■ ,Un-) 

(1) mb{b) = 0. Equivalently, the minimal polynomial yb{X) of b is a factor of mb{X). 

(2) Every root of mb{X) is a root of fib{X). 

(3) The set of allb & A for which mb{X) is the minimal polynomial ofb is an open dense 
subset of A. 

(4) mb(X) is invariant under extension of scalars, i.e., mb(X) = mb(^i(X) ifbi^l G A^kL 
is the image of b for any extension field L of K. 

The following observation follows easily from Properties (2) and (3). 

Lemma 6.1.4. The reduced degree of a finite purely inseparable extension F of K is the 
smallest power q = p^ of p = char K so that F'^ C K. Furthermore the reduced character¬ 
istic polynomial is mb{X) = X^ — b^ for every b G F. 

Example 6.1.5. Let A = ¥p{s,t) and K = Ep(s^,t^). Then dP ^ K for any a G A and 
the minimal polynomial of the general element a G H is ma{X) = X^ — aP. So, the reduced 
degree of A over K is p although H is a field extension of K of degree p'^. 

Definition 6.1.6. The reduced norm n : A ^ K is dehned to be the homogeneous polyno¬ 
mial function of degree m, the degree of A over K, given on any b G Ahyn{b) = (—l)™Cm(&)- 

The main properties of the reduced norm are the following. 

n{ab) = n{a)n{b), n(l) = 1. 

Any polynomial function x : A —>■ IL satisfying these two properties will be called a character 
on A. Another easy consequence of Properties (2) and (3) is the following. If A, B are finite 
dimensional algebras over K and (a, b) G Ax B, then rn(^a,b)W — iTVa{X)mb{X). This implies 
in particular that the degree of A x B over K is the sum of the degrees of A, B over K. 
Also the reduced norm over A x B is the product: 

nAxB{a,b) = nA{a)nB{b). 
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6.2. Theorems related to this paper. 

Theorem 6.2.1. Let D be a finite dimensional division algebra over K which has degree d 
over its center C and suppose that C has reduced degree c over K. Then 

(a) For any k >1, Mk[D) has degree dkc. 

(b) Any character Mk{D) K is a nonnegative power of the reduced norm. 

Proof. We first compute the degree of Mi^(D) over K. Let L be the maximal separable 
subfield of D. Then L is separable over C of degree d and it is well-known that Mk{D)®cL — 
M(ik{L). Let E be the separable closure of K in L. Then F = EOC is the separable closure 
of iL in C and L = CE. Let s = [T : K]. Then c = qs where q = is the reduced degree 
of C over F. By Lemma 16.1.41 the reduced degree of L over E is also q and q is minimal so 
that C E. Let S be the splitting field of E over K. Then C S = CS is a separable 
field extension of CE = L. So, 

Mfc(D) 0 fS = Mk{D) 0 cC(^fS = Mk{D) Oc L(^lCS^ Mdk{CS). 

Claim The degree of Mdk{CS) over S is qdk and the reduced norm Mdk{CS) S is the 
(;-th power of the determinant over CS. 

Proof: Any a G Mdk{CS) satisfies its characteristic polynomial /(A) = det(A—a) G (^^[A] 
with degree dk. Then f{\Y is a polynomial in 5[A] of degree qdk satisfied by a. So, the 
degree of Mdk{CS) over S' is < qdk. Now consider the inclusion of the diagonal matrices: 

CS'^^ = CS X ■■■ xCS ^ MdkiCS) 

Since the general element of CS has degree q over S, the general element of has degree 
qdk over S. So, the degree of Mdk{CS) over S is > qdk. So, it is equal to qdk. Furthermore, 
the reduced characteristic polynomial is det(A — and the reduced norm is det(a)'^. 

(a) Since S is the splitting field of E over K and F is an intermediate field, we have 
F S = where s = [F : K]. Since (reduced) degree is invariant under extension of 
scalars, the degree of Mk{D) over K is equal to the degree of Mk{D) S over S. But 

Mk{D) (DkS = Mk{D) ^fF^kS = Mk{D) 0 f = Mdk{CSy 

which has degree s times the degree of Mdk{CS) over S. By the claim above this is s times 
qdk which is dkqs = dkc proving (a). 

(b) Consider any character x : Mk{D) — K. We note that arbitrary (polynomial) 
characters must be homogeneous polynomials. By extending scalars we get a character 

Xs : Mk{D) MdkiCSy ^ 5 

which must be a product of s characters {xs)i '■ ^dk{CS) S. By symmetry given by the 
action of Gal{S/K), these s characters are equal. By restriction to diagonal matrices we get 
a character —>■ S. But a character on is a product of characters one for each 

factor. By symmetry, these characters must all be equal: xslCS'^^^ = (xo)*^^^- But each 
character xo ^ CS —>■ S' is a power of the reduced norm ncs '■ CS S since Xo(3:) = 
and this lies in S only when m is a multiple of q, say m = qt, xo = ^CS‘ Therefore, 

Xs\CS‘^’^^ = ixo^^^ = n^Ss^ 

which has degree equal to qtdks. When x is the reduced norm n we get t = 1. Therefore, in 
general we get {xs)i = when restricted to the diagonal matrices where n is the reduced 
norm of Mdk{CS) over S. However, any invertible matrix is equivalent to a diagonal matrix 
under row and column operations which are given by multiplication by elements of the 
commutator subgroup of GL{dk,CS). Since S* is abelian, each group homomorphism 
{xs)i ■ GL{dk,CS) S* is uniquely determined by its restriction to diagonal invertible 
matrices. So, xs = Ff for all elements of GL{dk,CSy. Since this is an open dense subset 
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of Mdk{CSy, xs = as homogeneous polynomials over S. But both polynomials have 
coefficients in K. So, they give y = n* as characters Mk{D) K. □ 

Remark 6.2.2. Theorem 16.2.11 implies that every character Mk{D) —>■ ilT is a nonnegative 
fractional power of the iiT-determinant detK- detx = where / = dimj^ D. Thus, 

the “true weight” of a semi-invariant with determinantal weight /3 is the vector whose Tth 
coordinate is (difi/diCi where djCj is the (reduced) degree of Fi over K. In particular, if 
m is the least common multiple of the integers fi/diCi then the m-th power of any 
semi-invariant on a presentation space HomA(T’( 7 i), ^*( 70 )) has determinantal weight. 

Corollary 6.2.3. Suppose that Fi,F 2 are division algebras over K of dimensions /i ,/2 and 
degrees ni,n 2 over K. Let M he an Fi-F 2 -bimodule with dim^r M = m. Then 

mni mn2 
fin2 ’ / 2 rai ^ 

Proof. The reduced norm gives a character 

EndpAM) ^ ^ K 

which is polynomial of degree mn\/f\. Composing with the inclusion F 2 ^ Endir^(M) we 
get a character y : T 2 —>■ ii' of degree mn\/f\. By Theorem 16.2.11 y is an integer power of 
the reduced norm n 2 ■ F 2 ^ K which has degree 712 . Therefore n 2 divides mn\lf\ making 
mn\/f\n 2 an integer. The other case is similar. □ 

Definition 6.2.4. Let A be a finite dimensional hereditary algebra over a field K. Let 
B\ = — Rhe the exchange matrix of A. Define the reduced exchange matrix of A to be 

Ra = ZBkZ-^ 

where Z is the diagonal matrix with entries Zi = fi/ui where is the degree of T) over K 
and fi = dim^" T). The entries of Ba are 

_ ■ 

bij = — {{ej,ei) — {ei,ej)) 

where e* are the unit vectors. Since | (e^, e*) | is the dimension of an Tj-Tj-bimodule, bij are 
integers by Corollary 16.2.31 Given a cluster tilting object T with exchange matrix Bp and 
c-matrix Cp, we define the reduced exchange matrix and the matrix of reduced c-vectors by 
Bt = ZBtZ-^ and Cp = ZCtZ-^. 


Since mutation of exchange matrices and extended exchange matrices commutes with 

PbaI 


conjugation, Bp and Cp have integer coordinates and are obtained from 


by mutation. 


We claim that the reduced c-vectors are the reduced weights of the reduced norm semi¬ 
invariants which we now define. 


Definition 6.2.5. The reduced norm semi-invariant ag is the polynomial function 

PresA(7i,7o) = HomA(T’(7i),P(7o)) K 

which sends / : P( 7 i) —P(7o) to the reduced norm of 

Hom(/, 1) : HomA(P( 7 o),M^) HomA(P( 7 i), Af/j) 

considered as a linear map of P^-vector spaces. We define the reduced weight of a semi¬ 
invariant a on presentation space PresA(71,70) to be the vector w G N” so that a{gfh) = 
Y\Fi{g)'^'a{f)ni{h)^^ where ni{g) is the reduced norm of the GL( 7 oi, Pj)-component of 
g G AutA(P( 7 o)) and similarly for ni{h). 
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Lemma 6.2.6. The reduced weight of the reduced norm semi-invariant ajs is 

P = —{zildi,Z2l32-, • • • , Znidn)- 
Z/S 

Proof. By Remark 16.2.21 we have where Zfs = di\m.K Fp/Fj^. Since the 

det-weight of ap is f5 we have: 

Fpigfh) = ap{gfhf>^P 

= X\n^{g^^^/^^ap{f)n,{gT^^^/^P 

where Xi{9) = Fi{gY^ is the det-weight of the GL( 7 oi, Fj)-component of 17 G AutA(^’( 7 o))- 
So, the reduced weight of is {nijdi/zp) = (3. □ 

In the notation of Corollary 14.1.71 we have the following. 

Lemma 6.2.7. For any cluster tilting object T of A we have 

V^ETt = N 

where N = DZ~^ is the diagonal matrix with entries Ui, E = EZ~^ = LN, = ZTtZ~^ . 

Proof. By Corollary liXTl we have: V^ETt = V^ETtZ-^ = DZ-^ = N. □ 

We can now restate the c-vector theorem in terms of reduced c-vectors. 

Theorem 6.2.8 (Reduced Norm c-vector Theorem). The reduced c-vectors associated to a 
cluster tilting object T are 

Cj = -£jPj 

where fdj is the reduced weight of the reduced norm semi-invariant ap.. 

Proof. Since conjugation of exchange matrices and c-matrices commutes with mutation, 
given that Cj is the j-th c-vector of the object T, the reduced vector Cj is the j-th c vector 
of T using B\ as initial exchange matrix. Since Cj = —Sjl3j by Theorem 14.3.11 reduction of 
both sides, using the fact that Zj = zp., gives Cj = —ejfij. □ 

Example 6.2.9. Consider the M-modulated quiver El •(— C •(— C. This has 9 indecompos¬ 
able modules giving the same picture as Figure [TJ Using the same label for these modules 
as in Figured] we have: 

label /3 zp /3 = / 32 , 2 ^ 3 ) 



(1,0,0) 

2 

(1,0,0) 

P 2 

(1,1,0) 

1 

(2,1,0) 

P 3 

(1,1,1) 

1 

(2,1,1) 

Y 

(1,2,0) 

2 

(1,1,0) 

X 

(1,2,1) 

1 

(2,2,1) 

S 2 

(0,1,0) 

1 

(0,1,0) 

Z 2 

(1,2,2) 

2 

(1,1,1) 

Zi 

(0,1,1) 

1 

(0,1,1) 

S 3 

(0,0,1) 

1 

(0,0,1) 


As an example, take the injective module Z\. This has a determinantal semi-invariant of 
det-weight [3 = (1, 2, 2) since a presentation for Z\ is P 2 (B Pi ^ P 3 (B P 2 ^ Zi. We take 
homomorphisms to Z 2 to get: 

(6.2.1) HomA(P3 © P 2 , Z 2 ) = ^ HomA(P2 © Pi, .^ 2 ) = H 
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The determinantal semi-invariant cr^ is given by considering this as an isomorphism of 
8 -dimensional real vector spaces and taking determinant. This has determinantal weight 
( 1 , 2 , 2 ) since the automorphism of P 3 given hy z = a + bi € C* has real determinant 

= + b‘^ and multiplies the 8 x 8 determinant by (a^ + b‘^)‘^ (since it multiplies the 

:rrst two C coordinates) which is the second power of the det-weight \z\'^ of z. Similarly any 
z G Aut(P 2 ) also changes the 8 x 8 determinant by \z\^ making the det-weight of ap equal 
to (?, 2 , 2 ). The first coordinate of the det-weight is 1 since h G Aut(Pi) changes the 8 x 8 
determinant by \h\^ which is the det-weight of h. 

The reduced norm semi-invariant ap is given by considering (16.2.11) as an isomorphism of 
2-dimensional vector spaces over El and taking the reduced norm over El which is the square 
root of the real determinant. So, any automorphism of P 3 or P 2 given by z G C* will change 
the reduced norm semi-invariant by |zp which is the norm of z. Also, any automorphism 
of Pi given by h G H* will change ap by \h\^ = n{h). So, the reduced weight is (1,1,1). 
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